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Chris — thanks for the memorable times over many years

HAPPY BIRTHDAY, CHRIS




INTRODUCTORY COMMENTS

* Connections between superstring scattering amplitudes and perturbative supergravity.

NO UV DIVERGENCES IN STRING THEORY.
TECHNICAL FANTASY: HOW DO FIELD THEORY UV DIVERGENCES ARISE IN LOW ENERGY FIELD THEORY LIMIT?

* SUPERGRAVITY DUALITY: Scalar fields parametrize coset space GG(R)/K (R)

where G(RR)is the duality symmetry group of classical supergravity. ~ Maximal compact
subgroup
Preserved in perturbation theory in D=4 dimensions for N>4 supergravity.

*  SUPERSTRING DUALITY GROUP IS G(Z): No continuous duality group — even at tree level.

Moduli space  G(Z)\G(R)/K(R)

 RICH DEPENDENCE OF STRING AMPLITUDES ON MODULI — strong coupling duality.

Fascinating connections with mathematics of automorphic forms, Jacobi forms, ....... DIFFERENT TALK



AMPLITUDES WITH MAXIMAL SUPERSYMMETRY

Low energy expansion involves low order higher-derivative BPS interactions
Ci(pr)R*  Ca(p,) D*R*  Cs(u,) D°R*  Ca(p,) D°R*IT

|/2-BPS | /4-BPS |/8-BPS

Where (i are the moduli (coupling constants) for ten-dimensional type Il theories
compactified on tori.

* The exact expressions for (';, (5, ('3 are known in all dimensions.

* They are automorphic functions under the action of arithmetic duality groups E,.(Z).

SL(2,Z) SL(2,Z) SL(3,Z) x SL(2,Z) SL(5,Z) SO(5,5,Z) Ee)(Z) Eq(7)(Z) Ess)(Z)
10B 9 8 7 6 5 4 3

D dimensions

* Rich content:
- These only contribute up to 3 loops in string perturbation theory;
- Correct spectrum of BPS instantons



AMPLITUDES WITH 2=-MAXIMAL SUPERSYMMETRY

We would like to use the structure of string/M-theory to constrain properties of
low energy expansion of HETEROTIC/TYPE | scattering amplitudes.

This will make use of the Horava-Witten description of this background.

MBG, Arnab RUDRA
c.f, low order higher-derivative BPS interactions in maximal SUGRA :

Ci(pr) R’ Co(pr) D*R*  Cj (14r) D°R*  Ca(pr) D*R*2?

| /2-BPS | /4-BPS |/8-BPS

Where /i, are the moduli for ten-dimensional type |l theories compactified on tori.
Fascinating connections with mathematics of automorphic forms, Jacobi forms,

Issues to address:

....... DIFFERENT TALK

The realization of S-duality between Heterotic and Type | theories.

* Absence of a three-loop divergence in four-graviton scattering in
N=4 SUGRA in 4 dimensions. s this implied by supersymmetry?

Extensions of the strong coupling duality results of maximal (type Il) superstring?

There has been little discussion of this  (but see Bossard, Cosnier-Horeau, Pioline)

for discussion of '/2- and '/4-BPS gauge interactions in D=3 heterotic string with duality group O(24, 8,7Z)).



M-=THEORY AND N=1| SUPERSTRING DUALITIES

Horava and Witten (1995):
ELEVEN-DIMENSIONAL SUPERGRAVITY IN AN INTERVAL OF LENGTH [ = 7 Ry /1

Introduce F5 gauge fields on each boundary — necessary for anomaly cancellation

/

Eq | | -dimensional Bulk
N=| quantum supergravity N=|
Super YM Super YM

-~

Compactify on a further circle of radius 71 /11 to nine dimensions —

Break symmetry to SO(16)with Wilson lines on circle.

T-duality between SO(16) x SO(16) C Eg x Ejg
heterotic theories SO(16) x SO(16) C SO(32)



DUALITIES BETWEEN M-THEORY AND N=| SUPERSTRING THEORIES

HE Heterotic Ri | I-djm. M-theory

E8 X E8 * T A

Rio R M-THEORY ON ORBIFOLD
10
OF A TORUS

HO Heterotic

S0(32)\ —

Type | Type IA

M-theory on M x S x St/Z,

Based on a number of CLASSICAL SUPERGRAVITY/GAUGE THEORY arguments

| will here consider quantum contributions in PERTURBATIVE SUPERGRAVITY/YANG-MILLS
in order to address some long-standing questions (see e.g Tseytlin, ....) MBG, Arnab RUDRA



M-THEORY/STRING THEORY DICTIONARY

(11 011
String lengths: Dty = =
I ‘T VRy, VR
Relations between couplings:
O = R?{Q grA = 3%2
R4 1
HETEROTIC/TYPE | DUALITY Gho = = = —
Rio g1

Relations between radii

1
e rr

T-DUALITY 7he = R0V 11 =

HE & HO 1A & 1



A QUESTION ?

Heterotic SO(32) and Type | theories should have the same amplitudes (or effective
actions) in the Einstein frame when

=]
Jho <2 J; not naively BPS
e.g. In the STRING FRAME perturbative terms of order R* arise from:
Type | world-sheet Sphere Disk Torus
_ —1 0
Type | string frame o 2 gr (91)
1
Einstein frame — 2 S -1 - i T3
2 = = 1 _
HO/type | duality (91) Iho 91— = Jho (91)* = 9no
: 0 —1
HO string frame Jho (gho) 9o

nonsense |-loop nonsense
- . . . 2
But HO perturbation theory is an expansion in powers of g;,,,.

So naive term-by-term HO/type | duality gives nonsense — apart from Type | disk/ HO torus.
But the R* interaction must transform sensibly under HO/type | duality.

HoOWw IS THIS REALISED ?

It might be that HO/type | duality of these terms is extremely complicated.

But note the very simple modular (SL(2,Z)- invariant) function of the coupling
that arises in type IIB theory (where this is a BPS interaction).



FEYNMAN RULES IN HORAVA-WITTEN BACKGROUND
INTERACTION VERTICES ORIGINATE FROM:

 BULK ELEVEN-DIMENSIONAL SUPERGRAVITY. Gun, Cunp  MNP=1,...,11
e TEN-DIMENSIONAL GAUGE THEORY IN EACH BOUNDARY. AZ p=1,...,10

 BOUNDARY INTERACTIONS OF BULK SUPERGRAVITY FIELDS

Gauge and Lorentz Chern-Simons interactions induced by boundary — couple
to bulk gravitonand to Chi1, = B

FEYNMAN PROPAGATOR (MBG, Gaberdiel)

S ader @l — ) = = Y il _su ) 1
n circle: P, —Y )= e 117011 ! p:<p1____7p97’>
2 m Rl 14
2L el P —+ 3%1@1 0f11
On orbifold: Identify x1; with —z1; ie. m with —m
Q(p,xll,yll) _ G(p,xll - yll) 4 G(p,CCll 4+ yll) .
P11 = ;
1 1 Ri1411

= — R cos(prrz'') cos(priy'')
11



We want to determine the coupling constant dependence of low-lying terms in
the low energy expansion of string scattering amplitudes.



SUPERINVARIANTS

Tseytlin,....
R4 SUPERINVARIANTS OF MAXIMAL SUPERGRAVITY/YM
1
Type 1A and IIB invariant Jo = tstgR* — 56106101“34
1 vw
Type llA invariant I =—3 eroero R + 6 e10B Y™ (R)

YUU(R) = B A <tr(R/\R/\R/\R)—itr(R/\R)tr(R/\R))
Y,=MAXIMAL SUPERGRAVITY: - THREE COMBINATIONS OF R’ :

t8t8 R4 — 24 tg tI’R4 + 6 tg tI‘(R2)2 =0
SUPERINVARIANTS OF /2-MAXIMAL SUPERGRAVITY/YM:
X1 = tgtI'R4 — %EloB tI‘R4 X2 — tg(tI‘R2>2 o %6103 (tI‘R2>2
Parity-conserving + parity-violating.
ANOMALY CANCELLING (PARITY-VIOLATING) INVARIANTS:
€108 e (R, F) Y9(R,F) = (8 trf* + trR* + ! (trR?)? — trF? trR2>
1 1 8form
In particular, note that Y9(R,0) = Y""(R) + i(trRQ)2

1 1
Parity violating part of X1 + ZXQ = (ts — 16103) Y9°(R,0)



We aim to determine the coupling constant dependence of low-lying terms in
the low energy expansion of string scattering amplitudes.

*  PARITY VIOLATING HIGHER DERIVATIVE INTERACTIONS DETERMINED BY
ANOMALY CANCELLATION

One-loop five-point function

1 vw
Boundary 5 €10 B (trR?)? +EC Yg( )(R) Bulk  (Vafa-Witten)
YS(R) (vw) _ tr R4 - i(tr R2)2
Anomaly cancelling = €10 B Y8(98> (R) Ys(R)) = (trR*+ i(tf R?)?

(+ analogous gauge terms)

* These higher derivative terms have PARITY CONSERVING PARTNERS that fill out
ten-dimensional A/ = 1 supermultiplets.



Different kinds of TREE DIAGRAMS:

e.g.gauge bosons on
separate boundaries

Rio
R 63

LOW ENERGY EXPANSION: expansion in powers of (—s) R?, (%,

HE powers of (—s) g7 /7,

tree-level pole + higher loop corrections

m =20 m # 0

\ C,uull GZWN

/

try (T4 T4 o (137 T5)
mez

/
\

o

(=™

—St meE

(MBG, Gaberdiel)

Type | powers of (—s) (777,

all terms arise from one loop (annulus)

in string perturbtion theory. (¢, )"

Reproduces HE theory up to terms of order s(trF?)(trF?) - i.e.up to genus two.
These are expected to be BPS “protected” terms.



%, %’
MULTIPLE PROPAGATOR CONTRIBUTIONS TO 4-GAUGE PARTICLE SCATTERING

REPRODUCES HIGHER DERIVATIVETERMS OF FORM 5" ¢ (trF?)?  n=-1.0.1

in ten-dimensional HE - up to two loops — as expected from BPS conditions

e - s
Cuwn1 Gun M

./

/]

|~ _ |~

\\/V

MULTIPLE PROPAGATOR CONTRIBUTIONS TO 4-GRAVITON SCATTERING

This generates various expected combinations of g trR*, tg (trR?)”



4 GAUGE=-PARTICLE AMPLITUDE
GAUGE LOOP
in M? x St

| 0-dimensional SYM

-~

10 circle of radius 7, = 1/7, with appropriate Wilson lines

Eg gauge loop on

Massless SO(16) gauge particles + massive spinor states + KK recurrences

 Zero winding number sector is UV divergent — killed by counterterm ~ 7. /¢ (1

Coefficient must vanish
[ ]

Non-zero winding terms give finite expression ~ 1/,

Trace in the FUNDAMENTAL
rep.of SO(16)

Tho rr

grlr

C(Q) tr1F4 — (2) tI’lF4

Ehet

|-LOOP IN HETEROTIC SO(32) — SO(16) x SO(16) —— DIsK AMP. IN TYPE |



4 gauge-particle amplitude /

GAUGE LOOP

-~

10 circle with appropriate Wilson lines

Eg gauge loop on z

Massless SO(16) gauge particles + massive spinor states + KK recurrences
POISSON RESUMMATION expresses this as a sum over windings of loop

* UV divergence in 0-winding sector ~ ( 2;% (tr1 F2) (try F?) — @ Renormalised
Ihe ghet Ca

* Sum over non-zero windings ‘e C(2)tr F* = e C(2) try F*
het grlr

|-LOOP IN HETEROTIC SO(32) — SO(16) x SO(16) ——> DISK AMP.INTYPE |



4-GRAVITON LOOP AMPLITUDES

v

GAUGE LOOP

-~
v

BULK GRAVITON LOOP

4-GRAVITON amplitude / \

Sum over supergravity states in the eleven-dimensional loop.



BULK GRAVITON LOOP

Orbifold conditions on states: Q: gt — —z" Q|m) = | —m) Pl = =

DecomposeSO(l(), 1) spinor into chiral SO(9, 1) spinors S — (Sf, Sf)

1 1

~(L+9) |4y m) = = (|A3m) + [ Ay; —m))
Projected states 1 : 1 - )

5L+ Q) [Aym) = o (JA-;m) —|A_; —m))
() m=0 |A_;0) =0 N =1 ten-dimensional superspace
(i) m#0 N = 2 eleven-dimensional superspace

(apart fromm = ( sector)
Evaluate loop using a world-line superspace vertex operator formalism

(i) Total m = 0 sector (adding gauge loop to m = 0 bulk loop) gives HO effective action

ig@)/dl%\/—mg (trR4 + i(trR2)2> = ig(z)/dl%\/—mg Y9

* Forms A/ = 1 supermultiplet with parity violating anomaly cancelling terms in the
HO theory. (not renormalised beyond | loop).

* HO/type | duality with disk contribution in the type | theory.



(ii) m # 0 sector — after some work :

Njwo

1
(9no” B3 (i g5, )—2¢(2)) /dloﬂ? vV—Gtsts R
Real analytic Eisenstein Series

c.f. Type lIB coefficient F . (C(O) + i91_113> with (0 —

3

o =1y 9;05
where  Eq (ign,) = Z (m2 g2 + m2)3
(m1,m2)#£(0,0) "1 9he T T2

8 1 2m|n|
=23 gn,’ +2(@) g, + 3 moa(nl)e” e (1+0(gno))
nezZ+
Tree-level One loop “D-instantons”
(CANCELSs with-2((2))

* Invariant under HO/type | duality Es (i g7 ') = Es(igr) = Es(i g )

BUT NOT INVARIANT TERM BY TERM IN PERT. EXPANSION



*  SUGGESTS NON-RENORMALISATION OF tgts ' BEYONDTREE LEVEL IN HO THEORY.
No further M-theory SUGRA diagrams that can contribute to order R*

1
The one-loop actionis (tg + €10B) (trR4 + Z(trR2)2)
Agrees with explicit perturbative heterotic string calculations

 Explicit SUGRA calculations show absence of expected R* three-loop counterterm.

Bern, Davies, Dennen, Huang

WHY?

* |s there some symmetry protecting this (apparently non-BPS) interaction?

The presence of TYPE | D-INSTANTON contributions is expected and results from

KK modes in the 2'Y direction with world-lines wound around the ! !direction.
These are Z, instantons that break O(32) to SO(32).

e The HO D-INSTANTON correspond to KK modes in the 2" direction
- these are UNSTABLE since P11 is not conserved) with world-lines wound around z'".



COMMENTS

More generally, moduli space is a symmetric space G(R)/K (R) with discrete
identifications

G(Z)\G(R)/K(R)
where G(Z)is a a discrete arithmetic subgroup of the supergravity duality group;

Multi-graviton/gauge amplitudes transform as automorphic functions under G(%Z)

Non-perturbative information involving D-instantons.

Makes contact with BPS black hole counting formulas -
D-instantons in D dimensions are wrapped euclidean world-lines of D=4 black holes.

Well-studied in the low energy expansion of type Il (maximal SUSY) but not in
the heterotic/type | case.

However suggested formulas for /2-BPS 4 and "4-BPS d°F* interactions in the
D=3 dimensional SUGRA/YM theory Bossard, Cosnier-Horeau, Pioline

G(Z) = O(24,8,7)

Instantons correspond to the Dikgraaf, Verlinde, Verlinde genus-two modular form
that counts '/4-BPS black hole states in D=4 dimensions.



HAPPY BIRTHDAY, CHRIS
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MULTIPLE PROPAGATOR CONTRIBUTIONS TO 4-GAUGE PARTICLE SCATTERING

Power series in .< (7,8° /Ry =0; s =grl3s
Tree level HE Multiloop type |

REPRODUCES HIGHER DERIVATIVETERMS OF FORM 5" tg (trF'2)%  n— 1,0, 1

in ten-dimensional HE - up to two loops — as expected from BPS conditions

s s (tr1F2)2 s" ts (tl“lFQ) (tr2F2) s" ts (tI‘QFQ)z



