FLUXES, GENERALIZED COMPLEX GEOMETRY
AND DUALITIES

work with D. ANDRIOT AND M.PETRINI



SUPERSYMMETRIC BACKGROUNDS

10D string theory with
e the metric: ds?, = e24Wds3(M,) + ds2

o the fluxes: FU9 = F 4+ voly AAN(xF)  (where A(F},) = (—=1)t/2F)

( [ [l
e pure spinor equations

d(e34®,) =0 & Gen. CY structure
Equations o d (e Re®d,) = 0

of motion d (e*Imd,) = ette=B x \(F)
e Bianchi identities

(d — HA)F = §(source)

Oy = D, Oy = D_
&, and &, are even/odd poly-forms for l|1A/B: A — IB —
Dy =D_ Dy, =D,



PURE SPINORS and GCG

P, =8e %e” B|77+ ® 77+T|norm — el+e=¢e—B g—iJ
o_=8e te Pl @0 T em  —  —ie?-e % BQ
(use:nt @ni' =230 o & (nﬁvmk m177+) Y™ for spinors
A — 61:c+®n++c_®n_ IB — ea=(on,+ont
e =CrOn +( @2 2= N+
On Generalized tangent bundle: 0—T"M —E-5TM—0,

(I)i clL® Aeven/oddT*M.
Sections of E:

X = — X' =ePX —

)



e RR part is completely fixed by (g, B) (e.g. 32 components of RR flux vs. 42
components of SU(3) intrinsic torsion)
Pure spinor equations < supersymmetry (D=6!)

o [((d— HN)F, e34Im®,) = ... = [ (F, *\(F)) has definite sign

o Projection into singlet < Tr(6L® /ég,,) «— TADPOLE
¢ Need for negative charge sources — O-planes
¢ Individual terms may correspond both to O-planes and D-branes
¢ Sources given by:
(d — HA)F,_3 = ¢;n" = Q;(source) vol’

e 4+6 split lifts the Self-Duality of RR fields
FO0 = ()tln/2 ) FLO = F 4 voly A M(xF)

(But Pure Spinors are SD: ¢, v =i Mx®7))



ORIENTIFOLDS

Orientifold action:
e O3/07 and O6: Qws(—)fto
e O5/09 and 0O4/08 Qweo
o lIA: olI=—-1I, IlIB: ol=1

[HA: oQs =F0s  ce W =et |
For SU(3) structure: , |
[IB: oQs = FQ3 oce W = .
03/07 05 06
In general: 0() = ~ADy) | 0(Py) = A(Bs) | 0(Ps) = — (D)
FD ) =ND_) | o(®_) = -ND_) | o(P_)=\D_)

The phases in the pure spinors get fixed. For type |IB the compact backgrounds are:
o Type B: 7 /2 (mod )
o Type C: 0 (mod )



3-STEP CONSTRUCTION OF SUPERSYMMETRIC BACKGROUNDS

NON-COMPACT COMPACT
STEP 1 ®; is compatible with involution o
(Twisted) GCY structure dg®; =0 dg®; =0
STEP 2 o, compatible with &4 ®, compatible with &4
Metric and o
SU(3,3) — S(3) x SU(3) dpy®s = xFRR dpg®s = x FRR
STEP 3 compute FRE compute FRE
Tadpole dgFRR =0 dg FRR = sources



EXAMPLE: CONFORMAL CY BACKGROUND
Xg - conformally CY
F5+7Hj3 - (2,1) and primitive type B
F5 ~ x¢dA (A - warp factor)

The tadpole: dF5 = F3 A H3 + sources # 0
o Need O3’s and D3’s
o The tadpole is a top-form (singlet)!

X can be chosen to be (conformally) 7

Can use the isometries of the background to perform T-dualities:
<NEW VACUA> ('02-'03)

Ex: Two T-dualities with F;, F; — F5 (O3,D3 — O5,D5) and a new manifold:
T2 o M6
T4
Nilmanifold - “Twisted torus” type C
Negative curvature - Not CY



TWISTED TORI - NIL(SOLV)MANIFOLDS

Definition: d-dimensional parallelisable manifolds

e 1 d globally defined 1-forms

1
de” = 5 2 el A e

(or dual vectors: [Ey, E.] = f% E, )
e f2 -constants = homogeneous spaces

e Jacobi identities:
e =0 = fi.f5.=0
[, - structure constants of a real Lie algebra g

e “Twisted” indentifications

G Lie Group
M - — . :
[' discrete maximal subgroup

Nilpotent (solvable) groups = Nil (Solv) manifolds

e ALL Nilmanifolds - compact and admit GCY structure.



SOLVABLE ALGEBRAS

e 1 a complete classification of solvable algebras in D=6 by dim », the dimension of nilradical
N(G):

Nil Solv
G"=g G" =9
Gs = [Gs—1, 0] G*=[G°"" 6"
Jk| G, = {0} Jk| G* = {0}

k — nilpotency index

dimy =3 — 9
(all decomp)
Number of algebras dimy =4 — 40
in D=6 dimy =5 — 99

34 dimy =6 — 34




SUMMARY OF SOLUTIONS

e Minkowski vacua
e T-duals of conformal Calabi Yaus — full solutions including the warp factor

e Multi-source solutions — delocalised solution (large volume only)

A ]3]
algebras 04 06 05
type 12 type 30 type 12 type 30 type 12
n (0,0,0,12,13,23) 456
n (0,0,0,12,23,14-35) (45 + 26)™
n (0,0,0,0,12,14+23) 56 56
n (0,0,0,0,12,34) 56 56
n (0,0,0,0,12,13) 56 56
n (0,0,0,0,13 + 42,14+23) 56 56
n (0,0,0,0,0,12+34) 6 56 56
n (0,0,0,0,0,0,12)
>k % %
o | eserssansso e e e

e Type 3/0 solutions on IIB with O5 planes - balanced manifolds (d.J* = 0)



SOLUTIONS

e Type 3 and type 0 pure spinors with OS5 planes

O = —i%bQ O, = %be_i‘]
e The only allowed flux is F3. The equations are:
de*Q) = 0 = dJ?
p—24 = 0 = H
d(e*AJ) = —e*x Py = d(e? « F3) =0
dFy = 2i00(e™?AJ) = §(D5) — 6(0O5) Bianchi identity

e A (T-dual) example:
¢ the manifold (0,0,0,0,12,14+23)
(del =0fori=1,...,4; de® =e! ANe?; de® =el ANe* +e? Aéed)
o orientifold: (-,-,-,-,+,+)
& pure spinors 0 — 6—A<€1+i62)(63_ie4)(65_|_7:66) |

J = de e ne? — e Aet) £ et A el



All equations are solved, and the Bianchi ldentity (moduli are fixed by hand) is
dF; = (6 +VZ(e ™)) el ne2 ne® net
dF5 N J shows the source terms has an overall O-plane sign.

T-duality:

F5D etA & d(e_4A)

«Fy = —%dJ = HY

After coordinate transformation:

o forms (e; = 4 H =125 — 126 — 135 + 136 — 245 + 346

Fs =125 — 136 — 245 — 246 — 345 — 346

e pure spinors Q= (14144) A (24143) A (5 +1i6)

o1 — p—i(14+23+56)

e Bianchi identitiy: dFs = HAF 4+ Q,V?e *4volre

The conformal T° solution with self-dual 3-form flux G5 = Fs — iH;



DELOCALIZED SOURCE SOLUTIONS

Sioy © M
The nilmanifold (0,0,0,12,23,14-35): T{24 5 C——> M
T{?)l,2,3}
The metricis givenby: Q3 = (e' —ie’) A (e? +i7e®) A (e* +ie”)

(B =0) J = —tiet Aed ttore2 Ael Ltaet AeP

RR 3-form: Fy = —(r;e2 — |7|2¢%) A (tg(el Aet— €3 Aed) + (el Aed 4 ed A 64))

Moduli: 7 = Tr + 1T - CS, t1,t2,13 - “Kahler” (get fixed by Bl)
t; > 0and 1+ |7|? > 2|r,| - for positive definite metric

The tadpole: dF; = —2 |7|? (t_s vol 11236 4tz V0121345)

T?tltg

O5-planes along 45 26 - Intersecting sources

Not T-dual, but ... can be connected to other solutions!



COORDINATE-DEPENDENT O(n,n) TRANSFORMATIONS
T™ action

e Principal torus bundle T" — X "5 M :

e A globally well-defined smooth 1-form ® on X with values in t := Lie T = R".
o Isometries: 1x O =1t @t(LxkO =0)and LxH =0
o 3-form H:

1 1
H=n"Hs+ (x*Hy,0) + §<7T*H1,@ A O) + 6<7r*H0,@ NCYNC)

(but B, = Ba + (Bia,0) + 3(Boa,©® AO)  (No 771))
— H; € Q(M;A>7t) for j =0,1,2,3
— (-, +): the natural pairing t* ® t = R
— dH =0 = dH;+(H;_1,F)=0



T™ action & Courant

e Courant bracket:
(v, p), (W, N)]g = [v,w] + {ﬁv)\ — Lopp — 5 d(1,A — 1p) + zvsz}

e v=uy + (K, f)and p=py + (¢, 0)
Lxv=0and Lxp=0,= f e Q°M,t)and ¢ € Q°(M, t*). ( T"-invariant section of
TX can be written as an element (vys, f) € TM @ t, while a T™-invariant section of
TX* can be written as (py, ¢) € T*M @ t*.)

e Courant with T™ action:

[(UM7f710M7¢)7 (wM,g7)\M,W)]H — [(’UM,,OM), (WM,)\M)]H3+
(\()//7\51)1\/[9 o £wa;;\<wadf> o <§b7 dg> o d(<w7 f> o <¢7g>)/%7§va _ »CwM?)—'_

"~

vector function 1—form function

(077’UM?’U)MF; <w77”UMF> T <ZUMF#79> - <ZwMF#7f> - <¢7ZwMF>7ZUMZwMF#>_
(1)

where I}, := u(35-)H = Hy+(—H{" NO©; + L H{' 0, A Ok) and dF), = 0



Automorphisms of the bracket:

o Constant O(n,n) transformations on t ® t*:

(1 0 0\ (

0 U\

0 Alo B f

St(X) = —
0 0|1 0 P

\o clo D)\ o)

o Generalized B-transforms
A B T
X o eBX = (v, f 4+ 0U;p+1,0% + (b, f) + (6,0), 6+ wb)
with closed two-form b5 and one-forms b and U.
e The automorphism (T-duality):
Sp(ePX), Sy(ePY)] = Sy(eP X, Y))
(one-forms b and U are coordinate dependent now)

Automorphisms with coordinate-dependent O(n,n) —  “TWIST DUALITY”



“TWIST DUALITY” and PURE SPINORS

% (I)j: — 0y :Oi.CI)i

_ i@i‘z 1 —Ymndx"Adz” La™ dx™ A g Tmndz™ Adx™ __ i@j:
o O=e N e € m gTmn = e"c Oy

O is a combination of
e B-transform
e a scaling transformation of (parts of) the metric =  a shift in dilaton
e a (pair of) U(1) rotation(s)

e a change in the connection - twist of T"

[ d(e*4d!) =0 & Gen. CY structure

For®, = < d(c?*/Red}) =0
d (e**Im®)) = R/

\

o New integrability defect from RR part R = e*4e=8 s \(F):
R’ = cos(07)0; R+ sin(61)d(e20) e2ARe®; + cos(61)d(0;) et Imd,



TWISTED TORUS BACKGROUNDS FROM TWIST DUALITY
o T* x T2 = T2 — M =5 T4

o SU(3) structure after the twist:

J = I+ =

2
Q/:\/?CUM/\@

9.0 N0

¢  PS equations = conditions on curvature 7*F = d©:

FAJy=FNJy=0
M M = F=r?"4 !

FAwy =0
¢ Five solutions:
(0,0,0,0,12,34) M = N3 x N3 by(M)=8 bs(M)=10
(0,0,0,0,13,14) M=2S8"x My by(M)=9 b3(M)=8+2
(0,0,0,0,2 x 13,14+ 23) M = NV by(M) =8 bg(M)=9
(0,0,0,0,13 + 42,14+ 23) M = N\? bo(M) =28 bs(M) =10
(0,0,0,0,0,14 — 23) M = S' x Nj b1 (M) =5



ITERATING THE TWIST

& S1><M5 = Slc—>M7T—/>M5

o Conditions on curvature :

FA(e+iet)A(e®+ie) = 0
FA(ne?Aet+etAe’ne’) = 0
o M:(0,F,0,0,13,14) = (0,0,0,12,23,14 — 35), by(M) =3

o Bianchi Identity
g, dFy = 2i00(e%4J) = §(D5) — 6(O5)

with intersecting sources.

OPEN QUESTIONS:
e Torsional heterotic backgrounds (Het. string and GCG?)
e More general twists (cover solvmanifolds? more? ... non-geom backgrounds?)

e Non-compact backgrounds



