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SUPERSYMMETRIC BACKGROUNDS

10D string theory with

• the metric: ds2
10 = e2A(y)ds2

4(M4) + ds2
6

• the fluxes: F (10) = F + vol4 ∧ λ(∗F ) (where λ(Fn) = (−1)Int[n/2]Fn)

Equations

of motion
⇔



• pure spinor equations

d (e3AΦ1) = 0 ⇔ Gen. CY structure

d (e2AReΦ2) = 0

d (e4AImΦ2) = e4Ae−B ∗ λ(F )

• Bianchi identities

(d−H∧)F = δ(source)

Φ1 and Φ2 are even/odd poly-forms for IIA/B: IIA→
Φ1 = Φ+

Φ2 = Φ−
IIB→

Φ1 = Φ−

Φ2 = Φ+



PURE SPINORS and GCG

Φ+ = 8 e−φe−B |η1
+ ⊗ η2 †

+ |norm 7−→ eiθ+e−φe−B e−iJ

Φ− = 8 e−φe−B |η1
+ ⊗ η2 †

− |norm 7−→ −ieiθ−e−φe−BΩ

(use: η1
+ ⊗ η2 †

± = 1
8

∑6
k=0

1
k!

(
η2 †
± γmk...m1η

1
+

)
γm1...mk for spinors

IIA → ε1 = ζ+ ⊗ η1
+ + ζ− ⊗ η1

− IIB → ε1 = ζ+ ⊗ η1
+ + ζ− ⊗ η1

−

ε2 = ζ+ ⊗ η2
− + ζ− ⊗ η2

+ ε2 = ζ+ ⊗ η2
+ + ζ− ⊗ η2

− )

On Generalized tangent bundle: 0 −→ T ∗M −→ E
π−→ TM −→ 0 ,

Φ± ∈ L⊗ Λeven/oddT ∗M .

Sections of E:

X =

v

ξ

 7−→ X ′ = eBX =

 I 0

B I

 v

ξ

 =

 v

ξ − ivB

 .



• RR part is completely fixed by (g,B) (e.g. 32 components of RR flux vs. 42
components of SU(3) intrinsic torsion)
Pure spinor equations⇔ supersymmetry (D=6!)

•
∫
〈(d−H∧)F, e3AImΦ2〉 = ... =

∫
e4A 〈F, ∗λ(F )〉 has definite sign

� Projection into singlet⇔ Tr(δL(4)/δgµν) ←− TADPOLE

� Need for negative charge sources −→ O-planes

� Individual terms may correspond both to O-planes and D-branes

� Sources given by:

(d−H∧)Fp−3 ≡ ciη
i = Qi(source) voli

• 4+6 split lifts the Self-Duality of RR fields

F 10
n = (−)Int[n/2] ∗10 F 10

10−n ⇒ F + vol4 ∧ λ(∗F )

(But Pure Spinors are SD: /Φ± γ = i   
 

λ(∗Φ±))



ORIENTIFOLDS

Orientifold action:

• O3/O7 and O6: ΩWS(−)FLσ

• O5/O9 and O4/O8 ΩWSσ

• IIA: σI = −I, IIB: σI = I

For SU(3) structure:
IIA: σΩ3 = ∓Ω̄3 σe−iJ = eiJ ,

IIB: σΩ3 = ∓Ω3 σe−iJ = e−iJ .

In general:

O3/O7 O5 06

σ(Φ+) = −λ(Φ̄+) σ(Φ+) = λ(Φ̄+) σ(Φ+) = −λ(Φ+)

σ(Φ−) = λ(Φ−) σ(Φ−) = −λ(Φ−) σ(Φ−) = λ(Φ̄−)

The phases in the pure spinors get fixed. For type IIB the compact backgrounds are:

� Type B: π/2 (mod π)

� Type C: 0 (mod π)



3-STEP CONSTRUCTION OF SUPERSYMMETRIC BACKGROUNDS

NON-COMPACT COMPACT

STEP 1 Φ1 is compatible with involution σ

(Twisted) GCY structure dHΦ1 = 0 dHΦ1 = 0

STEP 2 Φ2 compatible with Φ1 Φ2 compatible with Φ1

Metric and σ

SU(3, 3)→ S(3)× SU(3) dHΦ2 = ∗FRR dHΦ2 = ∗FRR

STEP 3 compute FRR compute FRR

Tadpole dHFRR = 0 dHFRR = sources



EXAMPLE: CONFORMAL CY BACKGROUND

• X6 - conformally CY

• F3 + τH3 - (2,1) and primitive type B

• F5 ∼ ∗6dA (A - warp factor)

• The tadpole: dF5 = F3 ∧H3 + sources 6= 0

� Need O3’s and D3’s

� The tadpole is a top-form (singlet)!

• X6 can be chosen to be (conformally) T 6

• Can use the isometries of the background to perform T-dualities:
�NEW VACUA� (’02-’03)

Ex: Two T-dualities with F3, F5 → F̃3 (O3,D3→ O5,D5) and a new manifold:

T 2 � � // M6

��
T 4

Nilmanifold - “Twisted torus” type C

Negative curvature - Not CY



TWISTED TORI - NIL(SOLV)MANIFOLDS

Definition: d-dimensional parallelisable manifolds

• ∃ d globally defined 1-forms

dea =
1
2
fa

bce
b ∧ ec

(or dual vectors: [Eb, Ec] = fa
bc Ea )

• fa
bc - constants⇒ homogeneous spaces

• Jacobi identities:
d2ea = 0 ⇒ fa

[bcf
e
d]a = 0

fa
bc - structure constants of a real Lie algebra G

• “Twisted” indentifications

M =
G

Γ
=

Lie Group
discrete maximal subgroup

Nilpotent (solvable) groups⇒ Nil (Solv) manifolds

• ALL Nilmanifolds - compact and admit GCY structure.



SOLVABLE ALGEBRAS

• ∃ a complete classification of solvable algebras in D=6 by dimN , the dimension of nilradical
N(G):

Nil Solv

G0 = G G0 = G

Gs ≡ [Gs−1,G] Gs ≡ [Gs−1,Gs−1]

∃k| Gk = {0} ∃k| Gk = {0}

k − nilpotency index

dimN = 3 → 9

(all decomp)

Number of algebras dimN = 4 → 40

in D=6 dimN = 5 → 99

34 dimN = 6 → 34



SUMMARY OF SOLUTIONS

• Minkowski vacua

• T-duals of conformal Calabi Yaus → full solutions including the warp factor

• Multi-source solutions → delocalised solution (large volume only)
IIA IIB

algebras O4 O6 O5

type 12 type 30 type 12 type 30 type 12

n (0,0,0,12,13,23) 456

n (0,0,0,12,23,14-35) (45 + 26)∗

n (0,0,0,0,12,14+23) 56 56

n (0,0,0,0,12,34) 56 56

n (0,0,0,0,12,13) 56 56

n (0,0,0,0,13 + 42,14+23) 56 56

n (0,0,0,0,0,12+34) 6 56 56

n (0,0,0,0,0,0,12) 6

s (25,- 15,±45,∓35,0,0) (136 + 246)∗

(146 + 236)∗
(136 + 246)∗

(146 + 236)∗
(13 + 24)∗

(14 + 23)∗

• Type 3/0 solutions on IIB with O5 planes - balanced manifolds (dJ2 = 0)



SOLUTIONS

• Type 3 and type 0 pure spinors with O5 planes

Φ− = −i
ab

8
Ω Φ+ =

ab̄

8
e−iJ

• The only allowed flux is F3. The equations are:

d(eAΩ) = 0 = dJ2

φ− 2A = 0 = H

d(e2AJ) = −e4A ∗ F3 ⇒ d(e4A ∗ F3) = 0

dF3 = 2i∂∂̄(e−2AJ) = δ(D5)− δ(O5) Bianchi identity

• A (T-dual) example:

� the manifold (0,0,0,0,12,14+23)
(de1 = 0 for i = 1, . . . , 4; de5 = e1 ∧ e2; de6 = e1 ∧ e4 + e2 ∧ e3)

� orientifold: (-,-,-,-,+,+)

� pure spinors Ω = e−A(e1 + ie2)(e3 − ie4)(e5 + ie6) ,

J = ie−2A(e1 ∧ e2 − e3 ∧ e4) + e2Ae5 ∧ e6



All equations are solved, and the Bianchi Identity (moduli are fixed by hand) is

dF3 =
(
6 +∇2

−(e−4A)
)
e1
− ∧ e2

− ∧ e3
− ∧ e4

−

dF3 ∧ J shows the source terms has an overall O-plane sign.

T-duality:
FD

5 = e4A ∗ d(e−4A)

∗FD
3 = − ∗2 dJ = HD

3

After coordinate transformation:

• forms (ei = i)
H = 125− 126− 135 + 136− 245 + 346

F3 = 125− 136− 245− 246− 345− 346
• pure spinors

Ω = (1 + i4) ∧ (2 + i3) ∧ (5 + i6)

e−iJ = e−i(14+23+56)

• Bianchi identitiy: dF5 = H ∧ F + Qs∇2e−4AvolT 6

The conformal T 6 solution with self-dual 3-form flux G3 = F3 − iH3



DELOCALIZED SOURCE SOLUTIONS

• The nilmanifold (0,0,0,12,23,14-35):

S1
{6}

� � // M6

��
T 2
{4,5}

� � // M5

��
T 3
{1,2,3}

• The metric is given by:
(B = 0)

Ω3 = (e1 − ie3) ∧ (e2 + iτe6) ∧ (e4 + ie5)

J = −t1e
1 ∧ e3 + t2τre

2 ∧ e6 + t3e
4 ∧ e5

• RR 3-form: F3 = −(τie
2 − |τ |2e6) ∧

(
t2(e1 ∧ e4 − e3 ∧ e5) + t3

τr
(e1 ∧ e5 + e3 ∧ e4)

)
• Moduli: τ = τr + iτi - CS, t1, t2, t3 - “Kähler” (get fixed by BI)

ti > 0 and 1 + |τ |2 ≥ 2|τr| - for positive definite metric

• The tadpole: dF3 = −2 |τ |2
(

t3
τ2

r t1t2
vol11236 + t2

t1t3
vol21345

)
O5-planes along 45 26 - intersecting sources

• Not T-dual, but ... can be connected to other solutions!



COORDINATE-DEPENDENT O(n,n) TRANSFORMATIONS
Tn action

• Principal torus bundle Tn ↪→ X
π−→M :

• A globally well-defined smooth 1-form Θ on X with values in t := Lie Tn ∼= Rn.

• Isometries: ıK Θ = I ∈ t∗ ⊗ t (LKΘ = 0) and LKH = 0

• 3-form H:

H = π∗H3 + 〈π∗H2,Θ〉+
1
2
〈π∗H1,Θ ∧Θ〉+ 1

6
〈π∗H0,Θ ∧Θ ∧Θ〉

(but Bα = B2α + 〈B1α,Θ〉+ 1
2 〈B0α,Θ ∧Θ〉 (No π∗!))

→ Hj ∈ Ωj(M ; Λ3−jt) for j = 0, 1, 2, 3

→ 〈·, ·〉: the natural pairing t∗ ⊗ t→R
→ dH = 0 ⇒ dHj + 〈Hj−1, F 〉 = 0



Tn action & Courant

• Courant bracket:
[(v, ρ), (w, λ)]H = [v, w] +

{
Lvλ− Lwρ− 1

2 d(ıvλ− ıwρ) + ıvıwH
}

• v = vM + 〈K, f〉 and ρ = ρM + 〈φ,Θ〉
LKv = 0 and LKρ = 0,⇒ f ∈ Ω0(M, t) and φ ∈ Ω0(M, t∗). ( Tn-invariant section of
TX can be written as an element (vM , f) ∈ TM ⊕ t, while a Tn-invariant section of
TX∗ can be written as (ρM , φ) ∈ T ∗M ⊕ t∗. )

• Courant with Tn action:

[(vM , f ;ρM , φ), (wM , g;λM , ω)]H = [(vM ; ρM ), (wM ;λM )]H3+(
0︸︷︷︸

vector

,LvM
g − LwM

f︸ ︷︷ ︸
function

; 〈ω, df〉 − 〈φ, dg〉 − d(〈ω, f〉 − 〈φ, g〉)/2︸ ︷︷ ︸
1−form

,LvM
ω − LwM

φ︸ ︷︷ ︸
function

)
+

(
0, ıvM

ıwM
F ; 〈ω, ıvM

F 〉+ 〈ıvM
F#, g〉 − 〈ıwM

F#, f〉 − 〈φ, ıwM
F 〉, ıvM

ıwM
F#

)
−

(1)

where F I
# := ı( ∂

∂θI
)H = HI

2+(−HIJ
1 ∧ΘJ + 1

2 HIJK
0 ΘJ ∧ΘK) and dF I

# = 0



Automorphisms of the bracket:

� Constant O(n, n) transformations on t⊕ t∗:

St(X) =


I 0 0 0

0 A 0 B

0 0 I 0

0 C 0 D




v

f

ρ

φ


� Generalized B-transforms

X 7→ eB̂X =
(
v, f + ıvU ; ρ + ıvbB + 〈b, f〉+ 〈φ,U〉, φ + ıvb

)T

with closed two-form bB and one-forms b and U .

• The automorphism (T-duality):

[St(e
B̂X), St(e

B̂Y )] = St(e
B̂ [X, Y ])

(one-forms b and U are coordinate dependent now)

Automorphisms with coordinate-dependent O(n, n) −→ “TWIST DUALITY”



“TWIST DUALITY” and PURE SPINORS

� Φ± 7−→ Φ′
± = O± · Φ±

� O = eiθ±c 1√
det A

e−ymndxm∧dxn

eam
ndxn∧ ι∂m exmndxm∧dxn

= eiθ±c Of

O is a combination of

• B-transform

• a scaling transformation of (parts of) the metric ⇒ a shift in dilaton

• a (pair of) U(1) rotation(s)

• a change in the connection - twist of Tn

For Φ′
± ⇒


d (e3AΦ′

1) = 0 ⇔ Gen. CY structure

d (e2AReΦ′
2) = 0

d (e4AImΦ′
2) = R′

� d(Of ) Φ1 = 0

� New integrability defect from RR part R = e4Ae−B ∗ λ(F ):
R′ = cos(θ+

c )Of R + sin(θ+
c )d(e2AOf ) e2AReΦ2 + cos(θ+

c )d(Of ) e4AImΦ2



TWISTED TORUS BACKGROUNDS FROM TWIST DUALITY

� T4 × T2 ⇒ T2 ↪→M
π−→ T4

� SU(3) structure after the twist:
J ′ = JM +

i

2
g′zz Θ ∧Θ

Ω′ =
√

g′ ωM ∧Θ

� PS equations⇒ conditions on curvature π∗F = dΘ:

F ∧ JM = F ∧ JM = 0

F ∧ ωM = 0

 ⇒ F = F 2,0 + F 1,1
−

� Five solutions:

(0, 0, 0, 0, 12, 34) M = N3 ×N3 b2(M) = 8 b3(M) = 10

(0, 0, 0, 0, 13, 14) M = S1 ×M5 b2(M) = 9 b3(M) = 8 + 2

(0, 0, 0, 0, 2× 13, 14 + 23) M = N
(1)
6 b2(M) = 8 b3(M) = 9

(0, 0, 0, 0, 13 + 42, 14 + 23) M = N
(2)
6 b2(M) = 8 b3(M) = 10

(0, 0, 0, 0, 0, 14− 23) M = S1 ×N5 b1(M) = 5



ITERATING THE TWIST

� S1 ×M5 ⇒ S1 ↪→M
π′−→M5

� Conditions on curvature :

F ∧ (e3 + ie4) ∧ (e5 + ie6) = 0

F ∧ (e1 ∧ e3 ∧ e4 + e1 ∧ e5 ∧ e6) = 0

� M : (0, F, 0, 0, 13, 14) ∼= (0, 0, 0, 12, 23, 14− 35), b1(M) = 3

� Bianchi Identity

gsdF3 = 2i∂∂̄(e−2AJ) = δ(D5)− δ(O5)

with intersecting sources.

OPEN QUESTIONS:

• Torsional heterotic backgrounds (Het. string and GCG?)

• More general twists (cover solvmanifolds? more? ... non-geom backgrounds?)

• Non-compact backgrounds


