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Cosmology and Particle Physics Toby Wiseman
Example sheet 3

Qu. 1 Note: Have slightly modified this question to hopefully make
it more accessible.

Consider the temperature T' ~ 10 K where the light degrees of freedom are
photons, e, e and the 3 generations of v, 7 which we assume to be all in
thermal equilibrium. Show that the effective number of degrees of freedom
(counted as bosonic) is g.rr = 43/4, so that,

1

p= §9effaBT4 (1)

Assume neutrinos decouple between 101°K and 10 K, and approximate the
electrons/positions as still being light in this temperature range.

For temperatures well below 10K the electrons/positons have annihi-
lated. Show that then the effective number of degrees of freedom drops to,

4
21 4\3
off = 2+ — — ) ~3. 2
Geff +4><(11) 3.36 ()

Show that the scale factor at temperature T is related to the current scale
factor, ag, and today’s CMB photon temperature as,

T Qo

= , T < 10K 3
TCMB CL(T) ( )
and
1
T 4\? ag 10 11
~ =] — 100K < T < 10K 4
TCMB <11) CL(T) ’ ( )

(note typo in previous version 4/11 rather than 11/4).

Now consider very high temperatures above the weak scale T' > 10 K.
Then the relativistic degrees of freedom are the photons, the gluons, and
3 generations of neutrinos, electrons and quarks, the W, Z and the Higgs.
Compute the g.rs and the corresponding constant « in,

T Qo

~ ,
Tems a(T)

T > 10K (5)



Qu. 1 answer

Recall from Qu 1 of sheet 2 for each relativistic boson degree of freedom;
Proson = 3apT™. For each relativistic fermonic prermion = &Phoson-

Then for photons, e, € and the 3 generations of v, ¥ at around 10" K

when all are in equilibrium we have a total,

1 17
p=75(9) asT* + 52 (e + gvp) anT" (6)

where the photons have 2 polarizations so g, = 2(polarisation); electrons
and anti electrons each have 2 helicities so g, = 2(particle/antiparticle) x
2(helicity) = 4; and each generation of neutrinos and antineutrinos con-
tributes a degree of freedom (remember neutrinos are left handed so the
particle and antiparticle only have one helicity degree of freedom) so ¢, =
3(generation) x 2(particle/antiparticle) = 6. So,

1

7
p = 5 (g,y + g (ge,é + gl/ﬂl)) (ZBT4

1 (7
= 3 (2 + §(4 + 6)) apT*
1 /43 1
3 (%) oaT* = goroa” )

Between 101K — 10" K the neutrinos decouple. They maintain a fermi
distribution with temperature 7, ~ 1/a. Until the electrons/position mass
becomes relevant we maintain 7' = 7,. Then for T < 109K the elec-
trons/positions annihilate so;

1 17
p = §g7a3T4 + §§9u,ﬁaBT3

1 7 T,\*
= B <9v + ggu,l_/ (T) ) apT* (8)

Entropy for the thermal components in equilibrium is conserved. Re-
call for a relativistic species s = 4p/(3T). So at T ~ 10'°K where elec-
trons/positions are relativistic we have,

41 7
S(T) = 3_T§ <g7 + gge,é) (IBT4

2 7 x4 2 (11
= (2 T2 == )apT?
3(+ 3 )CLB 3(2>6LB (9)
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And at this temperature T' ~ T, so,

S(T) = g(%)mﬂf (10)

But for T' < 10'°K when the electrons/positions annihilate we have,

41(
372
2

= 3 (2) agT? (11)

s(T) = 9,) apT*

and T # T,.
Assuming adiabatic expansion we have sa® =constant. For all T' < 1011 K
we have a ~ 1/T,. And hence we have,

s(T)
7 C (12)
for a constant C. For T ~ 10K using the above s(T) = 2 (1) apT? then,
2 (11
— — —_— 1
¢ = 2 ( : ) as (13)

Then for T < 101°K,

2 (11 s(T)
3\2)% 7 13

2 T3
= 3 (2) B g (14)
Hence we derive,
T3 11
Y (15)
Then recall that from above for T < 10'Y K we have,
1 7 7,\*
= = “Yvp — T4
P 2(97"‘89, <T>>a3
1 7 4\3
= 59t g (= T
2 (g”Jr g <11) )aB
1 4
= igeffaBT (16)
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so that,

LT (A ;
Jeff = G~ 891/,D 11

2+73 2 1 :
— — X _—
8 11

~ 3.36 (17)

Now for temperatures 7' < 10K we have T ~ 1/a in the radiation
era. Recall that thermal equilibrium of photons is maintained until they
decouple around T' ~ 10°K in the radiation era (recall T, ~ 10*K). After
that 7' ~ 1/a as the photons free stream even in the matter era. Hence for
all T < 10K we have T' ~ 1/a. Hence,

T _ Qo (18)
TC MB a(T)

where Toyp is today’s CMB temperature and aq is today’s scale factor.
However, looking to higher temperatures 10'*° K < T' < 10* K then since

during the period where electrons/positions annihilate they do not behave

relativistically and hence we do not have exactly T ~ 1/a during that period.

However we know that 7, ~ 1/a as the neutrinos have decoupled. Hence we

have,

T,(T
LI) _ a0 (19)
TV,O CL(T)
We also know that between 101K < T < 10K then neutrinos were in
thermal equilibrium and electrons/positions were light and hence then 7' =
T,. From above we also know that for T < 10°K that T/T, = (11/4)"/*,

Thus, Ty /7,0 = (11/4)1/3. Hence for 10"°K < T < 10" K, where T), =T,

T ao
(%)1/3 T - a(T) (20)
S0, (To = TCMB)>
T 4\3 ag
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Now going to much higher temperatures 7' > 10K we include all the
generations of quarks and gluons, Higgs W, Z. We must also remember 3
generations of electrons, so now,

Jeg=2%X2x3 (22)

The gluons are gauge bosons with 2 polarizations (as for the photon) but
there are eight of them for SU(3). Then the 3 generations of quarks and
antiquarks, each with two helicities and each with 3 colours. Hence the
bosonic gluons have,

Ggluon = 2x38 (23)
and fermionic quarks,
9q.q = 3(generations) x 2(particle/anti) x 2(helicity) x 3(colour) (24)

And we can count the Higgs and W, Z degrees of freedom above the symmetry
breaking scale as the gauge bosons of SU(2) (helicity 2, and 3 generators).
The Higgs is a complex scalar in the fundamental of SU(2) so 2(complex) x
2(SU(2)) components. These are all bosons so,

W, 7, Higgs = 2 X 3+ 2 % 2 (25)
So,
7
Geff = Gy + Ggluon + 9w,z Higgs + g (ge,é + 9uv,p + gq,q)
7
= 2—|—2><8+2><3+2><2+§(2><2><3+2><3~|—3><2><2><3)
7 301
= 28+ - (54) = — 26
Fo (50 =" (26)
Let us denote this gyy .
At very high temperature,
2 3
S = §ng&BT (27)

Then at temperatures 7' ~ 10" K we know that,

S = gZaBT?) (28)



Now for the whole period above T' > 10 K we can assume thermal equilib-
rium and adiabatic expansion. Hence sa® =constant. Hence,

2 243
“guvapT?a(T)* = = —apTia(Ty)? (29)
3 34
where T, = 10" K. Hence,
1
T 43 \ 3 a(T
L ( ) alTh) (30)
T 4gUV CL(T)
Now we know,
Tl 4\3 Qo
= [ — 31
TCMB (11) CL(Tl) ( )

Hence, for very high T,
T T T (43 \Pal) 4\ a
Tems TlTCMB B (49UV> a(T) (ﬁ) a(Th)
B 43 3 ag
B (llgUV) a(T)
43 x 4 agp
(11 X 301) a(T)

- (7)

L=

wl=

(32)



Qu. 2 Consider a WIMP dark matter model where a massive scalar particle
X and its antiparticle X are initially in thermal equilibrium, and decay in a
2 — 2 process to light (effectively massless) scalar particles with rate,

)\2

FX = —2nX (33)

My
(note typo in previous version - missing ny above) with mx the mass
of the particle and its antiparticle, nx the number density, and A is the
(dimensionless) coupling governing the 4 scalar particle interaction.

Assume that freeze out occurs at T' = T'yeeze such that kT pee.e < mx.
Let us assume that mx = 1GeV. What is the approximate temperature
at which freeze out happens in this model in order to produce the correct
relic density to act as today’s dark matter? Find the value of the coupling
A (note that in this part of the analysis you can use the appropriate number
of degrees of freedom in the radiation era from the previous question)?



Qu. 2 answer
Freeze out occurs at;
I'x
1~ —= 34
s (34)
Above T' > Tfpeeze X will have a non-relativistic thermal distribution
(assume no chemical potential), so its number density (from sheet 2) will be,

3
_m [(mkT\?

For a scalar we have g = 2 since there is the particle and antiparticle.
Below freeze out the X particles simply dilute with the scale factor. Hence
we approximate for T < T'fyeeze,

A(T) = n(Tfpeese) (a;(T))?’ = (Treese) <szeze)3 (36)

taking T ~ 1/a for the photons. Hence today the relic density is ppy =
mxn(Toms), S0,

Toms \°
PDM = an(Tfreeze)( >

Tfreeze
TomB 3 LD, ¢ ka‘Tf %
_ Ly reeze 37
(o) o (=) e
Hence we have,
8rGppm
Q ~03~—— 38

So we want,
3
87TG TCMB 3 — X mx kareeze 2
03 ~ kaTeeze _—
3H§ mx (Tfreeze e 27

87TGm kTonms s o kT;nX mx kareeze :
SHS * kareeze g 2m

3
87 3 —TX mx 2
_ k’T ka’reeze D —— 39
_3H§ mx (KToms)” ge (27T]€Tfreeze> o



Now we know from the previous example sheet that for the CMB photons
today Qcmp ~ 5 x 107°. Hence we know,

87Gpoup  8rGapTiyp

9 = —
cMB 3H2 3H2
_ 87TG7T2(I€TCMB)4
B 15 x 3H?
87T3G(]€TCMB)4
- A5H? (40)
(recall ap = m2k*/15).
So,
3 3
TG 45QCMBH3 4 mx 2 mx
03 ~ 2 ka'reeze
8 3H? X ( 8m3G 27k T freeze ¢
st 45\ (1) Gmi ) * :
T 1 2 3 my \* mx P X
— 2 _ _— _ Q4 —X kaTeezc
() () o () (o)
1 3
3 Gm% \* my |2 —poX
— 0394 < X) ( ) e kareeze (41)
oMB H02 k:Tfreeze
So,

NI

3 Gm?
1 ~ QgMB( H2X>
0

Now we can put in some numbers; recall G = 6.6 x 107 1'm3kg~1s72 H, =
2 x 107¥s71 and we put in mxc? = 1GeV; we also need h = 103 kgm?s~!
and ¢ = 3 x 108ms~!. Then;

3
mx ? _kT;nX
reeze 42
(kareeze> ¢ ( )

GmA K3
HgX =3 x ]_0450—3 (43)
Let,
mx
x = i (44)

and recall that we want x > 1 (so that the freeze out temperature is below
myx so it is indeed non-relativistic. So then,

1~ (5x1079)% (3% 10%) 1 g (45)
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So,
zie™ ~ 107 (46)
This is achieved (for = < 1) by,
x ~ 23 (47)
Hence the freeze out temperature is,

1 mxc?
T reeze — no
! 23 k

(recall 1GeV «+ 102 K).
Now we know the number density at freeze out, since,

~5x 101N K (48)

mx kareeze %
2m

__mx
n(Tf’r’eeze) = ge kaTeeze<
3
@ 1)3/26 P (ka)
m myx
1
gm X(27r)3/2
= 107" x m% (49)

= gm

In radiation era we have,

G IrG' 1
W= ==p = =55 gersanT” (50)

and a little above T' ~ 10" K from the previous question we have g.r; ~ 43/4,
S0,

471G 43 72
H?> ~ —— ——_(kET)* 1
3 415( ) (51)

(in units h =1, ¢ = 1) and so,

H ~ 5.4VG(kT)? (52)
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Then freeze out occurs at;

I'x A2 1

~ —n(T reeze
7~ mg s )5.4\/G<1<:Tfmze)2
)\2 mx 2
= T = (T reeze) (—>

n
54\/@m§( kareeze
A? ( 13, 3 ) 2
= —— (1077my)x
5.4v/Gm
and hence,
VGmy
Now,
Gm3 =T x 107*°hc
So then,
101 ~ )‘—2
V7 x 10739
so that,
N~ 1078
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Qu. 3 Consider the nuclear reaction forming a nucleus N; with atomic
number Z; and atomic mass A; with g; spin states from neutrons and protons,
so that;

Take the binding energy liberated to be B;. Deduce that in thermal equi-
librium, at temperatures well below the nuclear scale (so all particles are
non-relativistic) then the Saha equation for the reaction predicts;

1 3 B
X, =~ §giA;e%Xfini*ZieAH (59)
with the dimensionless,
3
1 mykT\ 2

where my = m, ~ m,, is the nucleon mass, and X, is the fraction of the
nuclear i-species, X, = n,/ng, with ng the total baryon number density (ie.
the density number of protons plus neutrons in unbound or bound states, so
in this case ng = n,, + n, + A;n;).

By using the current baryon density, compute the baryon density at the
earlier time, and higher temperature 7', and hence show that,

T 2
~ 1n-12
€~ 107"%Qp (1010K> (61)

and hence € < 1 around the time of nucleosynthesis. Hence show that the
temperature 7; at which (in equilibrium) the nucleus becomes abundant is,
B;
KL D) (92
Hence show that for deuterium, with gp = 3 (ie. spin-1), with Bp = 2.2MeV
then Tph ~ 0.8 x 10°K.

Compute the abundance temperatures for tritium and helium-3 (both
with binding energies ~ 8MeV') and helium-4 (binding energy ~ 30Mel)
to show the corresponding temperatures 7; are higher than for deuterium.
Hence once deuterium has formed in the early universe, these other nuclei
'want’ to be abundant in equilibrium (although the multi particle reactions
above are too slow to maintain equilibrium, and hence these nuclei are pro-
duced instead from 2-body processes involving the deuterium once it is abun-
dant).
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Qu. 3 answer

As each species is non-relativistic then the number density of species 1,

ng, 187

Hi—mg <7”I7,Z]€T)g
n; = g;e *T
2

Hence for the reaction,

where we have,

(Ai = Zi) pin + Zipty = v,

then the chemical potentials will cancel if we consider the ratio,

nN gN,L (Ai7Zi>m”+ZimP7mNi (mnkT)
= e kT

ni—Zip Zi = TA—Z Z
‘np' gn 9p

2

3

AZ2(

Now the binding energy liberated by the forward reaction is,

BZ = (Al — Zl)mn + Zimp — mNi

and hence,

= e kT

27

NN an, 5 (kT)g(_(Ai—Zi)_Zi'i‘l)(
7. . A

B — (E)g(”i)( my,
gn ng o'r mgi_zi i

Now in the last term we approximate, m,, ~ m, =

that,
Ai—Z;  Zi — Ai - Az m
mn'” “'my, my my
Then,
(1-4)
an _ gNz By k:T : 1—Al
— = 7 CFT | — Aimy
nnl anl gnZ 'Lgpl 27T
2(1-4y)

7
mp )

Njw

mykT
2T

(63)

(64)

(65)

)

(68)

my the nucleon mass (not
to be confused with my, the mass of the nucleus N;), and my, ~ A;my, so

(69)

(70)



Now the spin of the neutron and protons are spin-1/2, hence g, = ¢, = 2,
S0,

N|w

3 .
nn;, AZ? me?T (1-4:) By
=z 7 = 549N ext (71)

nn' Zi ny' 24i 2T

Define the total baryon number density ng = n, + n, + A;ny,, and the
fractions X, = n,/np. Then,

ny; . XNz np
Ai—Z; Z; Ai—Z; v 24 Ai—Z; 7,
nnz znp i Xn i sz i ,rLBz i nBz
X,

i 1-A;
= a7 oz"g (72)
XhAZ ZszZz

So then,

XNi o nA,-—l N,
Xfi*ZiXpZi B Ai—Z;, Z;

= —/4-§gyj\ue%e‘4i_1 (73)

where,

3
np me'T 2
= 74
‘T ( o ) (74)
where h = 1.
The current baryon density pgo = mynpo = Qpperie (With Qp ~ 0.03),

SO,
3H2
G

(75)

mnnpo = Qp
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Now using myc? ~ 1GeV, G = 6.6x107 1 m3kg~ts 2 and Hy ~ 7T0kms~ ' Mpc™!
we find,

npo =~ 5Qpm? (76)

Conservation of baryon number implies nga® =constant so that at another
time,

nB a_g (77)

nBo a3

Now for photons we have that their temperature (or effective temperature
when they are decoupled) goes as T ~ 1/a. Hence, in terms of photon
temperature 7',

np T3

n5o Tours ™
where Ty is the photon temperature today. Thus,
T3 T3
ng(T) = %n&g = mE)QBm_?’ = 0.3Q0T*m 3K 3 (79)
Then,
.- B (meT) 3
2 2
_3
= 0.5 % 0.305T3m 3K (meT) 2 (80)
2
Now,
2
myk =2 x 10" e (81)
so then,

Njw

18 _
€ = 0.5><0.3QBT3m—3K_3(2><10 T 1 )

2 Km?

T 2
= Qpx8x1072 x (E)
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3
T 2
= 0 1071
B X 8x 10 X<1010K)

3
~ Qpx1071% x Ly (82)
100K

Hence around nucleosyntheisis ¢ < 1. For the nucleus N; to become
abundant we require Xy, ~ 1, and from,

1 3 B
X SgAPert XPX Tt (83)

and assuming that neutrons and protons are abundant so X,, ~ X, ~ 1, then
this implies,

3 By
1~ giAiQG%eAi_l (84)
Taking a log, then,
1 +31A+B"+(A 1)lne=0 (85)
ngl 2 n {2 kT ) ne =

Now assuming that A; ~ O(1) and g; ~ O(1), but € < 1 then this gives,

B;

kT—F(Ai—l)lne:O (86)

and hence,

B; B;
T = — pr—
K (A;—1)lne  (A; —1)|Ine] (87)

For Deuterium Bp = 2.2MeV and Ap = 2. Using 25 ~ 0.03 we have,

2
—12
e = Qpx10 X (1010[()
T 2
_ —14

Assume the temperature isn’t far from 10K, then,

—31 (89)

3 T
1n6:—31—|—§log101—0K2
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and so,

Bp _ 2.2MeV

kT ~ o~
(Ap — 1) |Ine€] 1 x 30

so that kT ~ 0.07MeV and,

T ~0.8x 10°K

(90)

(91)

For tritium (A = 3) and helium-3 (A = 3) both have binding energies B =
8MeV and hence both have approximately the same abundance temperature,

8MeV
kT o~ ———— ~0.13MeV
(3-1) x 30 ‘

soT~15x10°K.
For helium-4 (A = 4) and B = 30MeV giving,

30MeV
KT~ 2 0.33M
1) 50 = 3MeV

soT ~4x 10°K.

These are certainly higher than that of Deuterium.

18
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Qu. 4 Consider Compton scattering of a photon with initial momentum p),
energy F = |p], on an electron mass m, at rest. By considering 4-momentum
conservation, show that for incident photon energies ' < m, then the scat-
tering is highly elastic, with the change in photon energy due to scattering,
0F, going approximately as,

ok FE

T m (4

where we ignore numerical O(1) constants.

Qu. 5 Recall from the equilibrium Saha equation we found that the temper-
ature of recombination for hydrogen (with binding energy By = 13.6eV) is
Ty ~ 3000K. Compute the equivalent temperature for helium (spin 0, bind-
ing energy for last electron By, = 25¢V), showing it is higher than that for
hydrogen. Photon last scattering is controlled by the last atom to recombine,
and hence the hydrogen.
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Qu. 4 answer

Take initial rest frame for electron - 4-momentum k = (m,ﬁ). Then
incoming photon has 4-momentum p = (E,p) with E = [p]. Outgoing pho-
ton has 4-momentum p' = (E’,p/) with E' = |p/| and electron recoils with
momentum £'.

Conservation gives p + k = p’ + k’. Energy conservation,

me+E=FE +k° (95)
and momentum,
p=0+F (96)

Now k° = \/m2 + |K'|2 > m.. Hence from m.+ E = E'+ k' since each term
is positive we must have £’ < E.

We now consider the situation where £ < m,. Hence this also implies
E" < me. Hence |E' — E| < m, and the scattering is elastic. It also implies
that k' — m, < m. and hence that the outgoing electron is moving slowly
with velocity v < 1. Hence we may expand,

- 1 -
KO = \/m2 4 K2 ~ m, + K2+ ... (97)
2m,

Then the energy conservation gives,

1 -
%W - (98)

Now |p/ — pJ*> < [P/|* + |p]*> = E? + E”. Hence we see,

1 —
E—EEJW—mﬁzy—WF:
Me

1
SE=FE—-FE < E? + E” 99
2me ( + ) (99)
and so,
0Kk 1F E"?
— < —— |1+ = 100
E  2m, < * EQ) (100)
Recall that £’ < F, and hence,
oF F
= = 101
7 (101)
For generic low energy collisions we would expect,
oF FE
= o= 102
5 (102)

although bounded as above.
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Qu. 5 answer
The reaction for the ionisation of He (ignoring the potential loss of a
second electron to form He™t™) is,

He — He" +e¢ (103)
and hence the chemical potentials obey,

MHe = MHet+ T+ fhe (104)

We treat the particles as non-relativistic, then for each particle type i we
have,

3
Hi—my Zk’T 2
— (m% ) (105)

Now the He atom has spin-0. Since the electron has spin-1/2, we must have
that the He™ produced has spin-1/2 too. Hence gy, = 1, but gge+ = g = 2.
We obtain the Saha relation by considering the ratio where the chemical
potentials cancel;

NHe gHe  Tuertmezmie (mpekT D (my KT\ 72 (m kT 2
= e T _
N e+ Te JHet Je 2 2m 2m
3 3
1 By MEe 2 mekT oz
fry —_ kT 106
1° (m He+ ) < 2m > (106)
where,
Bre = Mpe+r +me — mpe = 25V (107)

is the binding energy of Helium atoms for the last electron. Using the fact
that my, >~ mpy.+ then gives,

3
NHe 1 By (MmET\ 2
Npre+Ne 46 ’ ( 2T ) (108)
Define the ionised fraction X = ny.+/(nge + npge+). Then,
Nyge 1-X
= — 109
Nyge+ X ( )
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and hence we have the Saha equation,

3
X 4 _Bye (mkT\?2
— = —¢ kT 110
1-X nee v ( 2 ) (110)

Now the number density of electrons is determined by charge neutrality to
be equal to the number of protons. Now recall that nucleosynthesis predicts
the total number of protons is predicted to be ~ 0.76ng where ng is the
total density of protons and neutrons, so to leading approximation we may
take n, ~ npg.

Exactly as in the previous question 3; The current baryon density ppo =
mynpo = Qpperit (With Qp ~ 0.03), so,

3H?
Bera

Now using myc? ~ 1GeV, G = 6.6x10" ' 'm3kg~'s 2 and Hy ~ T0kms ' Mpc!
we find,

mnnpo = (111)

npo >~ 5Qm ™3 (112)

3

Conservation of baryon number implies nga® =constant so that at another

time,

_nBO - E (113)

Now for photons we have that their temperature (or effective temperature
when they are decoupled) goes as T" ~ 1/a. Hence, in terms of photon
temperature 7',

T3
B _ —— (114)
npo  Téng
where Ty is the photon temperature today. Thus,
T3 T3
(T) ~np(T) = ——— = ——5Qm> 115

Recalling that m, = 511KeV, and that, By./k = 2.9 x 10°K, then,
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then we see that the ionisation occurs so that X ~ 0.5 when,

4 by <ka>
1 ~ —e &T

Ne 2w

T3 U by (mokT) 2
= 4 50m 3 e e [ Te
((2.71()35 B ) ¢ ( o )
3

1 27K 3 3 _29x10°K 1542 T 2

3
K\? soaox (T2
- 2x1025(7> e”%OK(?)

3/2
— 9y 1025 (%) / 6_2.9x%051<

2.9 x 1°K\** 200108
— 14 %107 (X—) e~ 2 (116)
T
Hence, setting = = (290000K) /T, then,
%7 ~ 7 x 10718 (117)
and hence x ~ 45.
Thus one finds a temperature,
290000 K
T~ 2 = 6400K (118)

45

which is around double that for the ionisation of H. Hence below T" ~ 6400K
the He is largely neutral. Note that this only removes a small number of
electrons from the total since the density of He is much less than that of H.
Hence we ignore this in the usual Saha calculation of H recombination.
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