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Cosmology and Particle Physics Toby Wiseman
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Qu. 1 Recall that the kinetic relations
2

p= /dp47rp2n(p)E, /dp47rp n(p )3pE

relate the density and pressure of a gas to its density distribution function
n(p), where E' = /m? + p?. Consider a bosonic(-) or fermion(+) field, with
mass m, chemical potential p, with g internal spin degrees of freedom. In
thermal equilibrium the density distribution function is;
g 1
(2rh)? e + 1
where E' = \/m?2 + p?. In the ultra relativistic limit 7" > m, u, then E—p ~
E ~ p so this is well approximated by;
g 1
(27h)* et + 1

n(p) =

n(p) =

Thus compute the number density n = [ dp4dnp?n(p) and energy density
of an ultra relativistic gas (recall pressure P = p/3 from the above kinetic
relations). You should find for a boson;

15¢(3)apyg, 5 1 4
Nposon = TT ’ Pboson = igaBT
and for a fermion;
3 7
Nfermion = anoson ) P fermion = gpboson

where the radiation constant ag = 72k*/15h3¢3 (although we are using units
where ¢ = 1). You may find the following integrals useful;

o x? 7TF1 > x? 1571
d = 3 d mt
/0 can e N OX /0 Yeex1 240

where ((z) is the Riemann zeta function and in particular ¢(3) ~ 1.202.

Use the first law to show the equilibrium entropy density is s = 4p/3T.
Also show that it implies dp = T'ds, and check this is true for the expressions
you have computed.



Qu. 1 answer Then,

00 47Tg /oo p2
n = dpdrp*n(p) = dp—
/O pAmp n(p) @) Jo P

4rg(kT)3 /Ood x?
0

x
(27Th)3 et =1

setting x = p/kT, and then using the integrals;

_ Amg(kT)P7TF1 _ g(kT)?
- e = U g e

(2mh)?
15apg 3
TF1)((3)T
B9 (1 1)((3)
So for bosons we obtain;
15¢(3)agg, 5
Nboson = TT

and for fermions we find;

6 15¢(3)apg, .53 3
ermion =" = - 0son
" 8 ot 4"

Then the energy density is (taking E ~ p in the ultra relativistic limit);

e’} ) 47Tg 0 p3
p = /O dpdrpn(p)p = (27Th)3/o 7
4 e8] 3
_ 47rg(kT3) / g ©
(2rh)”  Jo
g(kT)*15F1
om?hd 240
1, 15%1

B AT

Hence

and then,



Assuming there is no chemical potential (it is negligible) for an ultra
relativistic gas then, p and P and s only depend on 7' (and not on ). Then
the first law (ignoring chemical potential term);

dE =TdS — pdV
becomes, using S = s(T)V, E = p(T)V;
pdV +Vdp = TVds+ TsdV — pdV
so that,
V(dp—Tds) = dV (Ts—p—p)

But there is only T" dependence, under a variation of V' there should be no
change in s, p, P, and hence the right hand side must vanish implying;

s_PtP _4p
T 3T
using P = p/3.
Note the left hand side then yields the first law; dp = T'ds. To check this
we note there is only 7" dependence, so we must check; dp/dT = Tds/dT.
Since p = kT* for a constant k, and s = ;—; = 4T3, then,

dp ds 4k 1dp
—= = 4kT? —— =3—T? =4kT?* = =L
dT ’ dT 3 3 TdT

and hence indeed dp/dT = Tds/dT is true.



Qu. 2 Repeat the Ca12(3ulations in Qu 1 in the non-relativistic limit k7T <
E —pand E ~m + 5= so;

g p=m __p>
n = e kT e 2mkT
®) = Geny
Firstly show that;
n = J 36% (QkaT)%
(2mh)

and then show;
3
p:<m+§kT>n, P=FKkTIn

You may find it useful to recall that for a Gaussian integral;

|\»
Q g
[
:
I
S

Use the 1st law in a closed system (so the total particle number cannot
change) to show the equilibrium entropy density s in this case obeys;

ndp—nTds = dn(p+p—TSs)

and hence integrate this to find;

T3/2
s = knlog <—>
cn

for a constant c.



Qu. 2 answer Now,

n = / dpdnp*n(p) =
0

[o¢]
dmg s€ b / dpp2€_ 25@
27h) 0

= 9w (2mk:T)g/ dzzte™
0

2m2h3
setting x = p/vV2mkT.
Using;
2/ e~0v? :/ Ay
0 —o0 a
then we find;
00 d o0 d (1 |« 1
2—$2___ —(ZIB2 —_ _ — — —
/0 te T da(/o ‘ )a—O da(Q a>a—0 4ﬁ
Thus,
GV uom g
n = e *T (2mkT)?
Sm2h3
Trg p—m 3
= (2 h)3€ kT (27Tm]€T>2
i
Then,

[e] 00 2
p = / dpdmp*n(p)E = / dpAmp®n(p) (m+p—)
0

0

o) 2
— ﬂeﬂk%n/ dprG_% (m—{— p—)
0

(27h)°
L 47rg p—m

kT

1 47Tg p=—m

e wT

setting x = p/vV2mkT.

Now;

oo A ) d2 o] 9
et = — e "
=)

2m

2m
0o 2
/ dpp'e” miT
0

(2ka)% / drxte™
0




So,

[e'e) ) p2 [e'e) ) p2
/0 pdrp n(p)SE /0 pAmp n(p) am

1 47Tg p=m /OO 4 — p2
= — e kT d e~ ZmkT
3am (27T7i)3 0 by

again using = = p/v2mkT. So,
P = nkT
For fixed particle number the first law states;
dE =TdS — pdV

and we may write S = sV and E = pV, and also n ~ 1/V so that dn/n =
—dV/V. Then,

pdV +Vdp = TVds+TsdV — pdV

so that,



and so,

ndp —nTds = dn(p+p—"TSs)

Then,
sdn —nds = ldn( + )—lnd
= dn(p+p) = Zndp

S0,

nd <f) = lndp — —=dn(p+p)

n T T
and,
s 1 1
A(3) = 5= mpdn o+

Using P = nkT and p = (m + 3kT/2) n we find;

a(2) = %d (m + 3KT/2) n) — %dn (m + 5KT/2)

n
3k 5k
= gt ) — 5 dn

3 1
T3/2
= d (k log —)
n

Hence we find integrating for a constant c;

T3/2
s = knlog (—)
cn



Qu. 3 Use the observed Hubble parameter today Hy ~ 70kms 'Mpct,
and Qx ~ 0.7, Qarter ~ 0.3 and assuming a flat FRW geometry, compute
the density of non-relativistic matter today. You should find a density of
~ 2.7 x 107 % kgm=3.

The photon radiation today (CMB photons) while free streaming and
not in equilibrium, has almost exactly a bose distribution with temperature
2.7K. Hence show its (very small) contribution to the Hubble expansion
today is;

Q,~5x107°
You will need the values of the constants;

Ipc = 3.2light years, c¢=3.0x 10°ms™*
h o= 1.05x107*'m?%kgs™!, k=138 x 10" %m?kgs 2K

The total radiation fraction today, {1z = 1.68(2, as we shall show later in
the course due to the presence of neutrinos. Use the Friedmann equation to
show that radiation came to dominate the Hubble expansion over matter at
a redshift of Z., ~ 3600.



Qu. 3 answer

The critical energy density is;
3¢
- 8nG

using (lyr = 3.2 x 107s).
Thus the density (ie. not energy density) of matter today is;

H} =83 x 10 kgm ts?

Pe

1 1 3 B
gpmatter = gﬁmatterpc = 2.76 x 10 27k’gm 3
We have the radiation constant;
7T2]€4 ]{;g
= —— —=76x101 "2~
“B = 15k K4ms2

Hence the energy density today for photons is,
py=apT* = ap(2.7K)* =4 x 10" " kgm™'s72

Hence,

0, =2 —5x107

Pe

and hence the total radiation has,
Qr=168x5x10"°=82x10"°
Then the Friedmann equation is;
p(t) = perie ( + Qui(1+ 2)° + Qr(1+ 2)%)

In order for radiation to dominate the energy density we therefore require
that Qr(1 + 2)* > Qu(1 + 2)3 and Qr(1 + Z2)* > Q4. Consider the first,
then matter-radiation equality happens at redshift Z., when;

QR(]. + Zeq)4 > QM(l + Zeq)g

and hence,
Q
14 Zoy = —2% = 3600
Qr

Note that certainly Qp(1+ Z)* > Q, is satisfied then.
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Qu. 4 Consider the Boltzmann equation for the density distribution function
n(t,p) of a species with mass m and with chemical potential p;

on on B

o g, =¢

where H = a/a. Suppose at early times the interaction term C' is very large
and the species is in thermal equilibrium so;

(t9) = s
n =
P (27Th)3 e%!é)t) :i: 1

where T'(t) and u(t) are the temperature and chemical potential of the heat
bath the species is in equilibrium with at time ¢. However, suppose inter-
actions rapidly turn off at time s ec.e, With temperature T'f,ce.., when the
scale factor is @ freeze, and subsequently the species then free streams.

Firstly, show that if the interactions turn off in the ultra relativistic regime
ET > m, i then,

g 1 QA freeze
) Tepp(t) = Tireeze
D 7#(t) 1

a(t)
Is it true in this case that the distribution is a thermal distribution simply
with a redshifted temperature T.;¢(7")? (imagine what happens when the
temperature falls below the mass scale of the particle).

Secondly, show that if the interactions turn off in the non-relativistic
regime kT' < E — pu then,

n(t,p) = (

g Kfreeze —™ p2

2
“%m QA freeze
e e ¢ T gl = (55 ) Ty

a(t)

n(tap) = (

11



Qu. 4 answer
The solution to the free Boltzmann equation;

on on
gyl
o~ P, =0
is n(t,p) = n(a(t)p). Then,
on
Eri (a(t)p)ap
and,
on ,
EE—NW@MG
so that,
on on a
- H D ! . = / —
g pap n'(a(t)p)ap apn (a(t)p)a =0

as required.
For initial conditions at T" = T',ce.. Which are the thermal distribution
for an ultra relativistic species, so,

g 1
27Th)3 6kafeeze :l: 1

n(tfreezea p) = (

Hence,

g 1

27Th)3 (afreezeP)
ek”‘f'reezeTf'reeze :t 1

n(tfreezevp) = n(afreezep) = (

Then the solution at lower temperatures where the species freely streams, is
then,

g 1 g 1
n(t,p) = n(a(t)p) = . = ——
(27Th)3 ek“fr‘e(ez(:?lgf)reeze :l: 1 <27Th)3 ekT:ff j: 1

with,

a
Teff (t) = [recze Tfreeze

a(t)
12




For a massless particle so Y = p then this is simply a redshifted thermal
distribution. However, if the particle has a small mass, then in the high
temperature ultra-relativistic regime k7" > m then E ~ p, but for kT < m
a thermal distribution would take a non-relativistic form. However the free
streaming particles would maintain the above relativistic form even when
kET.;s < m. Thus in this temperature range the free streaming behaviour
would deviate strongly from a thermal behaviour at temperature T¢ .

For initial conditions at T" = T'fy¢c.. Which are the thermal distribution
for a non-relativistic species, so,

g Hfreeze ™™ p2
n(t reeze p) — e kT freeze e 2mkTfreeze
Jreeze: (27h)3
then,
2
q Hfreeze ™ e —— k(‘;freezef)
_ _ kT, meat
n(tfreeze,p) = n(afreezep> = —(27Th)36 freeze ¢ freeze” freeze

Then the solution at lower temperatures where the species freely streams, is
then,

g Hfreeze =™ —%
n(t,p) = n(a(t)p) = (27Th> e kKT ¢reeze e 2mkafreengfreeze

w

m p2

g Hfreeze — _
— e kareeze e 27”"’Teff

with,
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Qu. 5 Consider the Boltzmann equation for a fermion species with mass
m and vanishing chemical potential and number of spin degrees of freedom
g interacting with the photons in the universe, which we approximate as a
heat bath with temperature T related to the scale factor a as,

a . To

Qo T

where ag, Ty are the scale factor and temperature today. Assume they do not
interact with anything else. The Boltzmann equation is;

dlnn(T) T (1__n%é;?>

dinT  H

where the comoving number density and comoving equilibrium density are

defined as;
a\’ a\’
C C
n = (—> n, Mgy = (—) Neq
Qg Qg

for physical density n and equilibrium density n.,. Assume that at early times
then n® ~ Neg and I'/H > 1 and when the temperature drops to T = T¥,ceze
then I'/H ~ 1 and at later times (and lower temperatures) I'/H < 1. Show
that an approximate relic density today for this fermion species if the freeze
out occurs when the species is non-relativistic is,

gm mk ___m
relic T — T3_ - kaTeeze
Prel ( ) h3 ( 27TTfreeze ) ‘

[SIY

Conversely if freeze out occurs in its ultra relativistic regime, temperature is
ET'treeze > m, but the temperature today is low so that it is non-relativistic,
show;

20¢(3)apgm, 4

,Orelic(T) = TT
Show that these two answers are consistent with the results for the relic
density distributions in Qu 4. by computing the relic densities from these

density distributions.
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Qu. 5 answer
For temperatures above Tfyee.e we have n(T) = ng (T). Then at T' =
T'reeze the species free streams so that for 7' < T',cc.. we have,

nC(T)relic = ngq (Tfreeze)

is constant. Then the physical relic density is;

ap\3 . ap\3 ., a\3 [ ap \°
n(T)relic = <_> n- = (;) neq<Tf7'eeze) = (_> neq(Tfreeze>

a a Qfreeze

TN\ T, \°
- (T) (Tfreez€> neq (Tfreeze>
T 3
- ( ) Neg (Tfreeze>

Tfreeze

At low temperatures where the species is non-relativistic, then the relic en-
ergy density will be,

prelic<T) =m n<T)7‘elic

Suppose the freeze out happens when our fermion species is non-relativistic.
Then (from Qu 2) with no chemical potential,

g —m 3
Neg = e*T (2mmkT)?
! (27h)? ( )

Then we have a relic density;

3
2

T \3 T \3 .
prelic(T) = m ( ) neq(Tfreeze> =m ( ) ( J e freeze (27kaTfreeze>

Tfreeze Tfreeze 27Th)3
3
S ALY (UL R e
h3 27TTfreeze

Suppose the freeze out happens when our fermion species is relativistic
(so KT > m, pu). Then (from Qu 1),

315((3)ang 4

neq(T) 4  knt

15



Then we have a relic density at low temperatures (when the species is non-
relativistic) of;

T \° T \’315¢(3)agy, .
pTEZiC<T) = m( ) neq(Tfreeze):m(—> _MT;}T@&'@

Tfreeze Tfreeze 4 kmd
_ 45¢(3)apyg M
4kmt
The relic density distribution for freeze out in the ultra-relativistic case
is;
g 1
Nyelic ta =
: ( p) (ZWh)SekTe;f(t) +1
where,
Q freeze G freeze Q0 TO T
Te = T reeze — —T reeze — — =T reeze — T
& Cl(t) d ao a<t) d Tfreeze TO /

Hence we have,

g 1
27Th)3 e% +1

nrelic(tu p) = (

so the distribution is simple that of a massless equilibrium fermion at tem-
perature T
Then from Qu 1 the number density is,

415¢(3)apg

retic(t) = dp4 2 relic t, -
mal®) = [ dpimiinatp) = 374

Recall from question 2 the energy density in the non-relativistic regime
for any density distribution is p,eric = (m + %k:T) Npelic ™ M Nyetic. Hence in
the non-relativistic regime the relic density is,

415¢(3)apg 5  20¢(3)apgm 3

- T° = T
"3 ket k4
agreeing with the above result in Qu 6.

From Qu 4, the relic density distribution for freeze out in the non-
relativistic case (without chemical potential) is;

Prelic = mn’/‘elic(t) -

9 —mP— sk
(2 h)ge FTfreese @ 2K Tef (D)
™

Nrelic (ta p) =

16



where,

af 2 ar 2 ap \? T
Te ¢ _ reeze T eone = reeze 0 T ooe = 0
) = (5 ) T = () (G05) e = (7

T2
Tfreeze

Hence we have,

2
_ _ P Tf’!‘EGZC
kareeze e 2mkT2

g
nrelic(ta p) = (27Th)3

The number density of the relic is computed as;
Nrelic = / dp47rp2nrelic<t7p)
0

g . m o0 9 — p2Tf'reeze
— e *Tfreeze dp47rp € 2mkT?2
0

(2mh)3
3
L w [(omkT2\? [
- L36 kareeze47r( n > / drz?e™™
(27Th) freeze 0

using the substitution z = p gf);" 7z Then recalling from Qu 2 that,

we have,
1 [/ 2mkT?\ 2
relic — freeze 4
hrel 4\/E(27Th)36 4 ( Tfreeze

3

5 g — mk 2
— TS_ ka'reeze
h3 ‘ ( 27TTfreeze )

3
mqg ———m mk 2
3 kT
Pretic = 1 ?6 freeze (—>

which indeed agrees as it should.
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Qu. 6 Consider the Boltzmann equation as in the previous question,

dlnn®(T) r (1 B ngq(T))
dinT H ne(T)
Suppose we treat I'/H as being constant, so that & = I'/H. Let us consider
starting the system at a temperature 7; with the in thermal equilibrium so
that n°(T;) = n, (T;). Then consider evolving to lower temperatures 7' < Tj.
Confirm that the solution of the Boltzmann equation for 7' < 7 (assum-

ing « is constant) is then,

and check that it obeys the boundary condition at 7" = T;.
For sufficiently large o, and T' < T;, and assuming n¢ (T) is smooth, we
may approximate;

T; U T; l
dro, sdT
/T Tiiralea(T) = /T TirvaeaT)
since the function 1/7"'7* is very strongly peaked at the lower limit T" of the
integral. Use this to show that for sufficiently large «, then,

n(T) ~ ngq(T)

for T' < T;. Further, by Taylor expanding about the lower limit, show that

(the constant) o must be large on a scale determined by the form of n¢ , so,

dlogng,
dlogT

Consider a universe with thermal bath temperature 7" ~ 1/a. Show that
for a relativistic species the above bound is always true provided o > 1, and
then equilibrium is maintained for all low temperatures 7" < T;. However,
for a non-relativistic species with mass m and with no chemical potential,
for equilibrium to persist to a temperature T' < T; then the constant o must
be bounded as,

a >

S|
a R
KT

and hence at sufficiently low temperatures equilibrium cannot be maintained
even for large values of o. Basically the decay rate is not sufficiently high
to reduce the density particles to their very rapidly decreasing equilibrium
value.
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Qu. 6 answer The Boltzmann equation;

dinn(T) _ (1 B niq(T))

dInT ne(T)
so that,
T dnt ne, ()
ne dT’ ne(T)
S0,
dn® o, . .
a7~ 7 (")

Start with the solution in the question,

c T “ c o T dT/ c
n(T) = (i) ne,(Ti) +aT /T mneq(T/)
Clearly this satisfies the boundary conditions;
n(T;) = ng,(T3)
We may write this solution as,

c o g d1" c
n (T) = T <l€+0&/7; mneq<T/))

o Tdar
= T <k’—Oz/TZ mneq(T/)>

T; €q
Then,
d d (. Tar
ﬁn = ﬁ (T (k — Oé/ mneq(T/))>
o— g dT/ c [ 1 C
= ol (k N a/ mneq(T/>> —aTl T1+aneq(T>
1 1
= a=n(T) —a=nt (T) = & (n® —ng,)



so we see that indeed it solves the Boltzmann equation.
Using the approximation;

T; / T; /
I Car
/T mneq(T/) o /T mneq(T)

then,
C T “ (& (% TZ dT/ (&
n(T) = (i) ne,(Ti) +aT /T T/l—i-aneq(T/)
T ¢ c a, c Ti dT/
= <i> neq(T‘i) +aT neq(T)/ Tr+a
T)O‘ 117"
= | =) nS(T;)+aTn,(T) [———}
<T‘Z q q CMT/a T
T
T;

If we Taylor expand about the lower limit, we find,
T; / T ,
o i dT c ’ o 7 dT . ) d .
al /j; Tr+a neq(T> ~aT /T —T’1+a (neq(T> -+ (T — T)ﬁneq(T) + .. )

Using our approximations we therefore find;

T; / T; / T; !
(T dr’ . CToar 4, _[Tdr
O{T \/T mneq(T/) ~ neq(T)ozT \/T T/IJFO‘ =+ d—TTLeq<T)OéT /j; T/1+a (T/ — T) 4+ ...

T; ! T; !
L 4T d ‘4T
= O{T neq(T)/T m‘i‘@éT d—Tneq(T)/T m(T,—T)“—

11 1 1 1Tr
T

T.
: d
— TC (T) | == — T~ 0 (T) | = —— -
T )[ anaLM ar"l ){ o171 aTa),

- L1 11 4 11 11
= aTn¢,(T) (————_>+O‘T ﬁ"eq(T)(a—lTa—l_a—qu—l




[e7 T’L dT/ C 4 c C o
aT /T mneq(T) ~ nél(T)+T-—=n (T)( - 1)
d

(& (& 1 C C
~ ng (T) + Tﬁn6‘I(T)<a — 1) ~ni (T)+—T—n

Finally we conclude that the correction is small provided;

1 _dnS
c _-T cq
Teq > a dT

which implies,

and hence gives the bound,

dlogng,
dlogT

a >

For a relativistic species we have,

Neg X T? Mgy = a*neq ~ const

Hence,

dlogng,

dlogT

and hence for any o > 1 will ensure equilibrium for all temperatures T' < T;.
However, for a non-relativistic species we have,

—m — —_m
Neq o T30 | Mgy = Ny ~ VT3 7T
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for a constant b. Then,

dlogng, _ T dneq: T mi<bT,3/Qe,%)
dlogT ne, dI bT—3/2¢~wr dT

3 n m

2 kT

Hence for sufficiently low temperature so that m/kT ~ « then equilibrium
will not be preserved.
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Qu. 7 Consider a metric with coordinates z# = (t, z%);
ds® = gdatda” = —dt* + g;;(t, x)dz'dx’

The Liouville condition for the phase space distribution n(t,z",p;) of free
particles is;

dn  On Ondz®  On dp;

— = 4+ i + —

dt ot  Ox* dt ~ Op; dt
Show that for a particular free particle with affine parameter A\ and 4-
momentum p = dx*/d\ then;

d!Ei pi

dt  p°

Consider the Christoffel connection for the metric g,, and compute the fol-

lowing components, It o 1O show;
I w = 0
i 1 ij
"y = 59 Ogjk
My =Ty

where I'" ;. are the Christoffel components of the spatial metric g;;(t, 2). Now
show that (note the index is ’"down’),

dpi o '8g’bj kagZ] dp]
i~ Vo o p] 9
and show that (note the index is ‘up’),
dp’ 1 d?x’
dt p°d\2

and hence use the geodesic equation for the free particle to show that,

'z' p]p zgjkz

Hence we derive the Boltzmann equation for free particles;

dn  On p' On 1 1 on
dn._on P ) —0
dt ot * Y 83;1 p]p 95 ’“ap@
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Qu. 7 answer Consider a particle with curve z#()), affine parameter A and
4-momentum p* = dx*/d\. Then,

de’  datdh  ddt (dt\T L o
== -~ =r®)
dt — dxdt  dx \d\

as required.
The geodesic equation for the metric;

ds® = G, (t, 2)dz"da" = —dt* + g;;(t, x)dz'da’
is,

A2zt n fm dz® dxP B
d)\2 Bax dx

Now;
al 1 ~ip ~ ~ -
I as = 597 (0abps + pgpa — Fpdas)
= 59 ! (aagjﬁ + 8ngoc - ajgaﬁ)
Hence,
=g L iiia- ~ ~
"y, = 59 I (0vgj¢ + 01t — 0jGu) =0
. 1 ) 1
"y = 29 T (Oegji + OkGje — 0jGm) = 29 10v9jk
. 1., ) i i
I = 597 (Okgin + 0ugn — Oigr) =T" 1
So;
Pzt - dx® dxP
0 — pi G4
D2 Th BTN N
_d L da? dz® g dat dz*
AN Ran ax T IR TN
R

= T2t I 0" + g7 0,g50°p"
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Now;

dp; . d(gz'jpj ) o ‘dgij dpj
i T e LT
_ ;03 da® 09i; dp’
= Py PP e Ty

ot
095 1 5, 0gy dp’
= p ot +Fp]p ﬁ‘i_gwg
Now;
dp' @dpi _ @dpi _ ldpi - ld%i
dt  dtd\  dtd\ pOd\  pO dX2
So,
dpz . 89” 1 . k@gm 1 d2£L'j
at v ot +p0p]p oxk +g”p0 d\?

. 1 . 1 . "o i "
= P Ogi; + ﬁp]pkakgij - gijﬁ (F] D" D"+ G770y G "D )

= pOgij + Ep]pkakgij — gz‘jﬁl—v mnP D" — D", Ot Gmn

= ]%Pj P Ohgi; — ]%gz‘ij -

B ]%p’ P Okgi; — %g%gijpmpngjk (Om8kn + OnGim — OkGmn)
= ]%pip’“ﬁkgn - %%pmp” (OmGin + OnGim — OiGmn)

= ]%pjpkakgij - %}%pjpk (20k9i; — O:gjn)

= %Z%p] pkaigjk
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