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Answer THREE out of the following four questions.
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Conventions:

We use conventions as in lectures. In particular we take (—, +, +, +) signature and choose
units so that =1 and ¢ = 1.

You may find the following useful:

For the FRW metric,
2

1 —kr?

ds®> = —dt* + a*(t) ( + r2d92)

the Friedmann equation and conservation law are,

8 k ,

The real space number density for a non-relativistic particle with mass m, internal degrees
of freedom ¢ and chemical potential u, at temperature 7 is,

3
kemT\ 2 u-m
n(T) =g ( ZUk ) e,
2
In ST units the following constants have values;
h —34 2 1
h=—=1.05x10""" kgm~s
2m

c=3.00 x 10> ms™!
G =6.67x10"" kg™t m?s72
kp =138 x107* kgm?s 2K !
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(i)

(i)

Consider an FRW spacetime with spatial curvature,

dr?
1 — kr?
and a radially moving photon with affine parameter A, so its position is t =
T(A) and r = R(A), with 6, ¢ constant. It is emitted at A = A, with known

energy in the comoving frame. Show that the redshift, Z, of the photon
measured by a comoving observer at later time T'(\) is,

ds® = —dt?* + a*(t) ( + 12 (d6? + sin 92d¢2))

T(\)
1+ Z(\) == 1.1
N =705 (1)
where a dot represents differentiation w.r.t. \, so T = dT/dA.
[5 marks]

Write a Lagrangian that may be varied to give the geodesic equations for 7T’
and R. Consider the null condition and the variation of T to show,

a(T)? @Tz

U
1 — kR2 a(T)

[

[5 marks]
Computing dZ/d from equation (1.1) and using the other results above, show,

These are the evolution equations for photon position as a function of redshift

for an FRW spacetime.
[3 marks]

Now consider the Lemaitre-Tolman-Bondi (LTB) model of cosmology. It is
isotropic around the origin but not homogeneous and takes the form,

(9, A(t, 7))’

ds* = —dt?
s R

dr* + A(t,r)* (d6* + sin 6°d¢?)

where A(t,r) is a function of both ¢ and r, and K (r) is only a function of the
radial coordinate. These coordinates are comoving ie. an observer at constant
r, 0, ¢ follows a timelike geodesic.

a) What are the functions A(T,r) and K(r) in order to recover the homoge-
neous FRW spacetime considered earlier in the question?

b) Repeat the calculations above for the LTB spacetime to derive evolution
equations analogous to those in part iii) for the position of a radially travel-
ling photon as a function of redshift measured by the comoving observers at
constant spatial coordinate position.

[7 marks|
[Total 20 marks]

3 Please go to the next page



2.

(i)

(iii)

(iv)

Consider an FRW cosmology (including spatial curvature) with a cosmologi-
cal constant and non-relativistic pressureless matter. Derive the form of the
Friedmann equation,

H? = HZ (O + Qewro (1+ 22+ Qu (1 + 2)°)

where Z is the redshift and you should define the parameters Hy, Qa, Qeuro
and Q.

[6 marks]

Consider a spacetime with metric ds? = —dt*+ g¢;;(t, #)dz'dz?. The Boltzmann
equation for a gas of free particles with phase space distribution n(t, z*, p;) is,

o po 1 ., o\
(Wﬁaﬂw—ptﬂp@gﬂa@)”‘o'

Use this to show that for a homogeneous isotropic gas of free particles in a flat
FRW spacetime the Boltzmann equation is,

0

.
p ap

where p = \/¢¥p;p;.

[5 marks]

Give the general solution of the Boltzmann equation for a homogeneous
isotropic gas of free particles in flat FRW.

Confirm that for this general solution the number of particles in a comoving
volume is conserved.

[4 marks|

Let us model our universe by a flat FRW cosmology. Suppose there is a time
during the radiation era when there is a small fraction of non-relativistic dark
matter particles of mass m in thermal equilibrium. They have no chemical
potential and only one internal degree of freedom, so g = 1. (See front pages
for the form of the thermal non-relativistic number density).

Suppose the interactions keeping the gas in thermal equilibrium suddenly turn
off at a temperature 7', in the radiation era and the particles subsequently
travel freely without interacting. Estimate the density fraction €),.;. today
of the dark matter particles left over in terms of T,cc.e, m, Hy and the photon
temperature Toyp today.

[5 marks]
[Total 20 marks]
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(i)

(i)

(iv)

Show that for a highly relativistic boson and fermion with g internal degrees
of freedom the energy density at temperature 7' is,

1

7
oson — o T4 ermion — 3 . T4
P 2g a ) Pf 169 a

where a = m2k%/15 is the radiation constant (in units & = ¢ = 1). You may
use the integral,

° g3 15F1
d - 4
/0 Yeex1 240 "

[5 marks]

Assume at some epoch in the radiation era there are g bosonic and gp
fermionic relativistic thermal degrees of freedom. Show that the expansion

rate is given by,
1 2
7 2 T
H~0.1 — —— ) st
015 (a4 gor ) ()
[5 marks]

Derive the Saha equation for the neutron and proton number densities, n,, and
n,, during nucleosynthesis,

= ¢ kBT

Tp

where Q = m,, —m, ~ 2.3 x 107 kg (in SI units) is the mass difference
between the neutron and proton.

(You may find the expression for number density of a non-relativistic species
in the front pages useful).

[3 marks]

Use the Fermi interaction to estimate the order of magnitude of the rate I

of this nucleosynthesis reaction. You may take the mass of the W bosons to
be ~ 1072 kg.

Using part ii) estimate the temperature at which freezeout occurs. You should
find approximately, Tfreeze ~ 101K

Assume Treeze = 109K, then stating any assumptions estimate the ratio of
Hydrogen to Helium in primordial gas clouds.

[7 marks|
[Total 20 marks]
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(i)

(iii)

Consider the inflaton field ¢ with potential V' (¢). For flat FRW the scalar field

and Friedmann equations are,
d+3HO+V'(¢) =0, H>= ? (%& - V(¢)> .
Starting from the slow-roll condition, ¢* < V(¢), derive the two conditions,
ol < V(@) V'(9)l < VGV(9).

[4 marks|
Derive the following expression for the number of e-folds of inflation, Nefoas,

assuming the inflaton slowly rolls from ¢g4rt t0 @ finish,

¢finish V
Nefolds = —8rG deﬁ

¢start

Consider the quadratic potential,

V(g) = m?¢’
where m* is a positive constant. Estimate how many e-folds of inflation we
should obtain for a starting position ¢gq.¢.

2

[5 marks]

Recall that we quantize fluctuations in the inflaton during slow roll as,

60(1, ) = / @k (001, (e ay, + 067, (e'a], )

where [ag,, ag,] = [dzi, &gj] =0 and [ag,, dfh] = §%(k; — ¢;) and we may approxi-
mate the mode functions to be those for flat deSitter,
1 ik ia(t)H
Shu(t) = ——L ik (1+ )
P (1) a(t)\/2k(2r )3 k
for k? = §Yk;k;. Compute the quantity A*(¢, k) defined by,
~ ~ d3kfz 2 —iki(zi—yi)
0159(t, ) 59(t,1)10) = [ TR A1, ke .

Show A? is constant in time on superhorizon scales.

[6 marks]

Consider the quadratic potential in part ii). Suppose the reheat temperature
is such that the largest scales today come from 60 e-folds before the end of
inflation. Recall the large scale CMB temperature fluctuations have a dimen-
sionless power spectrum A%T) which is estimated from A? by,

EA2
#

CMB measurements constrain this to be of order A%T) ~ 107°. Estimate

2 ~
Ay =~

the parameter m? in the potential in order to fit this data.
[5 marks]

[Total 20 marks]
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