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Conventions:

We use conventions as in lectures. In particular we take (−,+,+,+) signature and choose
units so that ~ = 1 and c = 1.

You may find the following useful:

For the FRW metric,

ds2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2dΩ2

)
the Friedmann equation and conservation law are,

H2 =
8πG

3
ρ− k

a2
, ρ̇+ 3H (ρ+ P ) = 0 .

The real space number density for a non-relativistic particle with mass m, internal degrees
of freedom g and chemical potential µ, at temperature T is,

n(T ) = g

(
kBmT

2π

) 3
2

e
µ−m
kT .

In SI units the following constants have values;

~ =
h

2π
= 1.05× 10−34 kg m2 s−1

c = 3.00× 108 m s−1

G = 6.67× 10−11 kg−1 m3 s−2

kB = 1.38× 10−23 kg m2 s−2 K−1
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1. (i) Consider an FRW spacetime with spatial curvature,

ds2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2

(
dθ2 + sin θ2dφ2

))
and a radially moving photon with affine parameter λ, so its position is t =
T (λ) and r = R(λ), with θ, φ constant. It is emitted at λ = λe with known
energy in the comoving frame. Show that the redshift, Z, of the photon
measured by a comoving observer at later time T (λ) is,

1 + Z(λ) =
Ṫ (λe)

Ṫ (λ)
(1.1)

where a dot represents differentiation w.r.t. λ, so Ṫ = dT/dλ.

[5 marks]

(ii) Write a Lagrangian that may be varied to give the geodesic equations for T
and R. Consider the null condition and the variation of T to show,

Ṫ 2 =
a(T )2

1− kR2
Ṙ2 , −T̈ =

a′(T )

a(T )
Ṫ 2 .

[5 marks]

(iii) Computing dZ/dλ from equation (1.1) and using the other results above, show,

(1 + Z)2

(
dR

dZ

)2

=
1− kR2

a′(T )2
, (1 + Z)2

(
dT

dZ

)2

=
a(T )2

a′(T )2
.

These are the evolution equations for photon position as a function of redshift
for an FRW spacetime.

[3 marks]

(iv) Now consider the Lemaitre-Tolman-Bondi (LTB) model of cosmology. It is
isotropic around the origin but not homogeneous and takes the form,

ds2 = −dt2 +
(∂rA(t, r))2

1−K(r)
dr2 + A(t, r)2

(
dθ2 + sin θ2dφ2

)
where A(t, r) is a function of both t and r, and K(r) is only a function of the
radial coordinate. These coordinates are comoving ie. an observer at constant
r, θ, φ follows a timelike geodesic.

a) What are the functions A(T, r) and K(r) in order to recover the homoge-
neous FRW spacetime considered earlier in the question?

b) Repeat the calculations above for the LTB spacetime to derive evolution
equations analogous to those in part iii) for the position of a radially travel-
ling photon as a function of redshift measured by the comoving observers at
constant spatial coordinate position.

[7 marks]

[Total 20 marks]
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2. (i) Consider an FRW cosmology (including spatial curvature) with a cosmologi-
cal constant and non-relativistic pressureless matter. Derive the form of the
Friedmann equation,

H2 = H2
0

(
ΩΛ + Ωcurv (1 + Z)2 + ΩM (1 + Z)3)

where Z is the redshift and you should define the parameters H0, ΩΛ, Ωcurv

and ΩM .

[6 marks]

(ii) Consider a spacetime with metric ds2 = −dt2+gij(t, x)dxidxj. The Boltzmann
equation for a gas of free particles with phase space distribution n(t, xi, pj) is,(

∂

∂t
+
pi

pt
∂

∂xi
+

1

2pt
pjpk∂igjk

∂

∂pi

)
n = 0 .

Use this to show that for a homogeneous isotropic gas of free particles in a flat
FRW spacetime the Boltzmann equation is,(

∂

∂t

∣∣∣∣
p

−Hp ∂

∂p

∣∣∣∣
t

)
n = 0

where p =
√
gijpipj.

[5 marks]

(iii) Give the general solution of the Boltzmann equation for a homogeneous
isotropic gas of free particles in flat FRW.

Confirm that for this general solution the number of particles in a comoving
volume is conserved.

[4 marks]

(iv) Let us model our universe by a flat FRW cosmology. Suppose there is a time
during the radiation era when there is a small fraction of non-relativistic dark
matter particles of mass m in thermal equilibrium. They have no chemical
potential and only one internal degree of freedom, so g = 1. (See front pages
for the form of the thermal non-relativistic number density).

Suppose the interactions keeping the gas in thermal equilibrium suddenly turn
off at a temperature Tfreeze in the radiation era and the particles subsequently
travel freely without interacting. Estimate the density fraction Ωrelic today
of the dark matter particles left over in terms of Tfreeze, m, H0 and the photon
temperature TCMB today.

[5 marks]

[Total 20 marks]
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3. (i) Show that for a highly relativistic boson and fermion with g internal degrees
of freedom the energy density at temperature T is,

ρboson =
1

2
g a T 4 , ρfermion =

7

16
g a T 4

where a = π2k4
B/15 is the radiation constant (in units ~ = c = 1). You may

use the integral, ∫ ∞
0

dx
x3

ex ± 1
=

15∓ 1

240
π4 .

[5 marks]

(ii) Assume at some epoch in the radiation era there are gB bosonic and gF
fermionic relativistic thermal degrees of freedom. Show that the expansion
rate is given by,

H ' 0.15

(
gB +

7

8
gF

) 1
2
(

T

1010 K

)2

s−1 .

[5 marks]

(iii) Derive the Saha equation for the neutron and proton number densities, nn and
np, during nucleosynthesis,

nn
np

= e
− Q
kBT

where Q = mn − mp ' 2.3 × 10−30 kg (in SI units) is the mass difference
between the neutron and proton.

(You may find the expression for number density of a non-relativistic species
in the front pages useful).

[3 marks]

(iv) Use the Fermi interaction to estimate the order of magnitude of the rate Γ
of this nucleosynthesis reaction. You may take the mass of the W bosons to
be ∼ 10−25 kg.

Using part ii) estimate the temperature at which freezeout occurs. You should
find approximately, Tfreeze ∼ 1010K.

Assume Tfreeze = 1010K, then stating any assumptions estimate the ratio of
Hydrogen to Helium in primordial gas clouds.

[7 marks]

[Total 20 marks]
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4. (i) Consider the inflaton field φ with potential V (φ). For flat FRW the scalar field
and Friedmann equations are,

φ̈+ 3Hφ̇+ V ′(φ) = 0 , H2 =
8πG

3

(
1

2
φ̇2 + V (φ)

)
.

Starting from the slow-roll condition, φ̇2 � V (φ), derive the two conditions,

|φ̈| � |V ′(φ)| , |V ′(φ)| �
√
GV (φ) .

[4 marks]

(ii) Derive the following expression for the number of e-folds of inflation, Nefolds,
assuming the inflaton slowly rolls from φstart to φfinish,

Nefolds = −8πG

∫ φfinish

φstart

V

V ′
dφ .

Consider the quadratic potential,

V (φ) = m2φ2

where m2 is a positive constant. Estimate how many e-folds of inflation we
should obtain for a starting position φstart.

[5 marks]

(iii) Recall that we quantize fluctuations in the inflaton during slow roll as,

δφ̂(t, x) =

∫
d3ki

(
δφki(t)e

−ikixi âki + δφ?ki(t)e
+ikix

i

â†ki

)
where [âki , âqj ] = [â†ki , â

†
qj

] = 0 and [âki , â
†
qj

] = δ3(ki − qi) and we may approxi-
mate the mode functions to be those for flat deSitter,

δφki(t) =
1

a(t)
√

2k(2π)3
e+ ik

a(t)H

(
1 +

ia(t)H

k

)
for k2 = δijkikj. Compute the quantity ∆2(t, k) defined by,

〈0|δφ̂(t, x) δφ̂(t, y)|0〉 =

∫
d3ki
k3

∆2(t, k)e−iki(x
i−yi) .

Show ∆2 is constant in time on superhorizon scales.

[6 marks]

(iv) Consider the quadratic potential in part ii). Suppose the reheat temperature
is such that the largest scales today come from 60 e-folds before the end of
inflation. Recall the large scale CMB temperature fluctuations have a dimen-
sionless power spectrum ∆2

(T ) which is estimated from ∆2 by,

∆2
(T ) '

H2

φ̇2
∆2 .

CMB measurements constrain this to be of order
√

∆2
(T ) ∼ 10−5. Estimate

the parameter m2 in the potential in order to fit this data.

[5 marks]

[Total 20 marks]
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