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Solutions for problem sheet 1: CFT

1 a). Let us check; z# — a# —a*. Then f — f'(z") = f(z" —a") so to linear
order in a*, then ' = f(x)+ df(x) where 0 f = —a*d,, f. Now for P, = id,,,

fr=e""lf = f+iad"Bf +0(a®) = f — d"0.f (1)

to linear order.

Now take z# — Az# = e~ “x# where we are interested in infinitessimal |e| < 1
S0,

ot = ot — et +0(?) =  bat = —ex” (2)
Then from above taking a* = ex* then we have that to linear order,
f'=f+ia"P,f+0(a*) = f +ic(iz"d,) f + O(e®) = "V f (3)
and so we can take as the generator of dilatations,
D =iz"9, (4)
1 b). Take,

at — bHg?
K 5
v 1 —2zvb, + b2a2 (5)

and linearize in b* to obtain,

ot = (2 = b'2%) (14 22"b,) + O(b?) = o# — (b*2* — 22#2"b,) + O(b?)
(6)



Hence from above a* = (b'x? — 2x#x"b,), leading to,

f'=f+id Puf +0(a®) = f+i (i (¥a® - 22"2"D,) 9,) |+ O(€)
= f+ b (i (220, — 22,2"9,)) f + O(e?)
= eibMK“f <7>

so that we see
K, =i (2°0, — 2x,2"0,) (8)
1 c¢). Firstly,

[D,P,]f = [iz"0,,10,] f = —2"0,0,f + 0, (2”0, f)
— (0u") O, f = 80, f = Ouf
= —i(i0uf) = —iP.f (9)

since partial’s commute.
Similar manipulations should give the second commutator.

2. The only possible thing the one point function < 0]¢(x)|0 > can depend
is x, so most generally it might be a function,

f(z) =< 0]¢(x)0 > (10)

However the vacuum is Poincare invariant so that P,|0 >=< 0|P, = 0. Then
we know,

0 =< 0|P,¢(x)|0 > (11)
since < 0|P, = 0. But we can commute P and ¢,
0 =< 0[P,6(2)[0 >=< 0}6(@)P,J0 > + < 0|[Fud(@)]0>  (12)
The first term < 0|¢(z)P,|0 > again vanishes as P,|0 >= 0, leaving,
0 =< 0|[P,, ¢(2)]|0 >=< 0]i0,¢(x)|0 >= 10, < 0|¢(x)|0 >=1i0,f (13)

But if 0, f = 0 this implies the result we want, that f(z) =constant.



3. Suppose ¢ is primary with scale dimension A > 0. We already know the
one-point function is a constant from the last question. Now suppose,

¢ =< 0|o(x)|0 > (14)
for some constant c. For a CFT the vacuum is annhilated by D. Hence,
0 =< 0[D¢(x)|0 >=< 0|¢p(x)D|0 > + < 0|[D, ¢(x)]|0 >=< 0|[D, ¢(x)]|0 >
=<0t (A + 2"0,) ¢(x)|0 >=1i (A + 2"0,) < 0[¢(x)|0 >=iAc (15)
since d,c = 0. However as A # 0 then ¢ must vanish.
4. The 2-point function of two scalars, < ¢1(z)p2(y) > can only be a function
of z#, y*. Furthermore by Lorentz invariance it can only be a scalar function

of these. By translation invariance it can only depend on the difference
x" — y#. Hence it must simply be a function of (z — y)?. So we must have,

f(z —y)*) =< 0lgs(z)2(y)[0 > (16)

for some function f. Due to translation invariance we can w.l.o.g. set one of
the arguments to be at the origin, so,

f(@®) =< 0]¢1(0)2(x)[0 > (17)

As the fields have definite scale dimensions A;, then D has the action on
them as,

(D, ¢i(x)] = i (A; + 240,) ¢i(x) (18)
Now D annhilates the vacuum so that,

0 =< 0|D¢1(0)p2(2)|0 >=< 0[¢p1(0)Dep2(x)|0 > + < 0[[D, ¢1(0)]p2(x)|0 >
=< 0|¢1(0)D2(x)|0 > + < 0[iA1¢1(0)¢2(x)|0 >
—< 0/61(0)a(2)D]0 > + < 0|61(0)[D, 62 ()]|0 > +il, f(2?)
=< 0|1 (0)i (Ay + 2"0,,) $2(x)]0 > +il, f(2?)
=i (Ag +2"9,) < 0|¢1(0)da(2)|0 > +iA, f(2?)
— i (A4 Ay + 29, f(a?) (19)

Now

"9, f(2%) = f'(2*)2"9, (2*) = 22° f'(2?) (20)



Hence we see,
(A + Ag) f(2?) + 22 f'(2%) = 0

Writing p = 22,

A+ A
wf'() = —=—5—rfw = fw=c
for a constant of integration c. Hence we see,
c
< 0]¢1(0)¢2(2)]0 >= ——F7x;
x2)" 2
and by translation,
c

< 0]¢1(2)a2(y)|0 >=

A14+Ao
2

((z —y)?)

(21)
_A1+49
2

(22)

(23)

(24)

5. Now assume they are primary fields so that K, has an action of them.
As above we use translations and Lorentz invariance to consider the 2-point

function, < 0]¢1(0)¢2(2)|0 >. Then by definition, K, will annhilate ¢;(0)

(as it is primary) and also the vacuum. Then,

0 =< 015,61 (0)a()[0 >=< 0] (0) K, (y)|0 >
—< 0061(0)d2(2) K, [0 > + < 0[1(0)[K,, da(2)][0 >
—< 0061 (0)[ K, 62(2)][0 >=< 061(0)i (2%, — 22,2,

— Ql'MAQ) ¢Q(l’)|0 >

= ic (220, — 20,270, — 21,0,) (2?) "2 (25)
Now,
_Atay A+ A L AtAy
Ou(z®)™ "2 = —%(ﬁ) 0,
= —(As + Ag)(2?) g, (26)
so that,
PO,(27) T = (A + Ag) (@) e,
2,270, (22) T = —(Ag + Ay)(a?) T R, (27)



Thus we see,

0 = ¢ (220, — 20,2"0, — 20,A,) (a?) "5
=¢ ((1 -2) <—(A1 +Ay)(2?) T %) _ Q%Ag@ﬁ)_#)
=¢ ((A1 +Ay) ((ﬁ)f“;A? wu) PN (IQ)*#)
= (A1 = &) (), -

If Ay # Ay then we must have ¢ = 0 and the 2-point function vanishes. If
A1 = Ay then the two point function can be non-trivial, with no constraint
on c.



