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Solutions for problem sheet 2: AdS

1. Consider,

U2 + V 2 −X iX i = U2 + V 2 −XaXa −XdXd = `2 (1)

Then we must check the parameterization is compatible with this. We see,

V 2 −XaXa =

(
`

z
t

)2

−
(
`

z
xa
)2

(2)

=

(
`

z

)2 (
t2 − xaxa

)
(3)

and,

U2 =
z2

4

(
1 +

1

z2
(
`2 + xaxa − t2

))2

(4)

and

(Xd)2 =
z2

4

(
1− 1

z2
(
`2 − xaxa + t2

))2

(5)

so,

U2 − (Xd)2 =
z2

4

(
1 +

2

z2
(
`2 + xaxa − t2

)
+

1

z4
(
`2 + xaxa − t2

)2)
− z2

4

(
1− 2

z2
(
`2 − xaxa + t2

)
+

1

z4
(
`2 − xaxa + t2

)2)
=
z2

4

(
4

z2
(
`2
)

+
2

z4
(
2`2
(
xaxa − t2

)))
= `2 +

`2

z2
(
xaxa − t2

)
(6)
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so indeed we confirm,

U2 + V 2 −X iX i =
(
V 2 −XaXa

)
+
(
U2 − (Xd)2

)
=
`2

z2
(
t2 − xaxa

)
+

(
`2 +

`2

z2
(
xaxa − t2

))
= `2 (7)

Now to compute the induced metric. Firstly,

dV =
`

z
dt− `

z2
tdz

dXa =
`

z
dxa − `

z2
xadz (8)

so,

−dV 2 + dXadXa = −
(
`

z
dt− `

z2
tdz

)2

+

(
`

z
dxa − `

z2
xadz

)2

=
`2

z2
(
−dt2 + dxadxa

)
+

2`2

z3
tdtdz − 2`2

z3
xadxadz

+
`2

z4
(
−t2 + xaxa

)
dz2 (9)

And,

dU =
dz

2

(
1 +

1

z2
(
`2 + xaxa − t2

))
+
z

2

(
−2dz

z3
(
`2 + xaxa − t2

))
+
z

2

(
1

z2
(2xadxa − 2tdt)

)
=
dz

2

(
1− 1

z2
(
`2 + xaxa − t2

))
+

1

z
(xadxa − tdt) (10)
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and,

dXd =
dz

2

(
1− 1

z2
(
`2 − xaxa + t2

))
+
z

2

(
+

2dz

z3
(
`2 − xaxa + t2

))
− z

2

(
1

z2
(−2xadxa + 2tdt)

)
=
dz

2

(
1 +

1

z2
(
`2 − xaxa + t2

))
+

1

z
(xadxa − tdt) (11)

Then,

−dU2 + (dXd)2 = −
(
dz

2

(
1− 1

z2
(
`2 + xaxa − t2

))
+

1

z
(xadxa − tdt)

)2

+

(
dz

2

(
1 +

1

z2
(
`2 − xaxa + t2

))
+

1

z
(xadxa − tdt)

)2

=
dz2

4

(
−
(

1− 1

z2
(
`2 + xaxa − t2

))2

+

(
1 +

1

z2
(
`2 − xaxa + t2

))2
)

− 1

z2
(xadxa − tdt)2 +

1

z2
(xadxa − tdt)2

− 1

z

(
1− 1

z2
(
`2 + xaxa − t2

))
(xadxadz − tdtdz)

+
1

z

(
1 +

1

z2
(
`2 − xaxa + t2

))
(xadxadz − tdtdz) (12)
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and continuing,

−dU2 + (dXd)2 =
dz2

4

(
−
(

1− 1

z2
(
`2 + xaxa − t2

))2

+

(
1 +

1

z2
(
`2 − xaxa + t2

))2
)

+ 2
`2

z3
(xadxadz − tdtdz)

=
dz2

4

(
− 1

z4
(
`2 +

(
xaxa − t2

))2
+

1

z4
(
`2 −

(
xaxa − t2

))2)
+
dz2

2z2
((
`2 + xaxa − t2

)
+
(
`2 − xaxa + t2

))
+ 2

`2

z3
(xadxadz − tdtdz)

= −dz2 `
2

z4
(
xaxa − t2

)
+
`2dz2

z2
+ 2

`2

z3
(xadxadz − tdtdz)

(13)

So that,

−dU2 − dV 2 + (dX i)2 = −dV 2 + dXadXa − dU2 + (dXd)2

=

(
`2

z2
(
−dt2 + dxadxa

)
+

2`2

z3
tdtdz − 2`2

z3
xadxadz +

`2

z4
(
−t2 + xaxa

)
dz2
)

+

(
−dz2 `

2

z4
(
xaxa − t2

)
+
`2dz2

z2
+ 2

`2

z3
(xadxadz − tdtdz)

)
=
`2

z2
(
−dt2 + dxadxa

)
+
`2dz2

z2
(14)

which is what we wanted to show. Phew.
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2. So taking,

ds2 =
`2

z2
(
ηµνdx

µdxν + dz2
)

(15)

we must compute,

ΓCAB =
1

2
gCD (∂AgBD + ∂BgAD − ∂DgAB) (16)

Thus,

Γz zz =
1

2
gzz (∂zgzz)

=
1

2

z2

`2
∂z

(
`2

z2

)
= −1

z
(17)

and,

Γz µν =
1

2
gzz (−∂zgµν)

= −1

2

z2

`2
∂z

(
`2

z2
ηµν

)
= +

1

z
ηµν (18)

and,

Γµ zν =
1

2
gµα (∂zgνα)

=
1

2

z2

`2
ηµα∂z

(
`2

z2
ηνα

)
= −1

z
δµν (19)

Due to the symmetries all other components vanish.
3. Consider a particle at fixed spatial location. Then the tangent vector to its
worldline v ∝ ∂/∂t, and using proper time parameterization, so vA = dxA/dτ
with τ the particle proper time then v2 = −1. Hence,

vt =
z

`
, vi = vz = 0 (20)
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so that v2 = gtt(v
t)2 = −1.

Now the acceleration is,

aA = vB∇Bv
A = vB

(
∂Bv

A + ΓABCv
C
)

= ΓA tv
tvt

=
z2

`2
ΓA tt (21)

since ∂µv
A = 0 and vz = vi = 0. Hence,

aµ =
z2

`2
Γµ tt = 0

az =
z2

`2
Γz tt =

1

z
ηtt
z2

`2
= − z

`2
(22)

Thus we see the acceleration of the trajectory is in the negative z sense, ie.
towards the conformal boundary. If the force providing the acceleration were
switched off, and the particle subsequently followed a geodesic, this would
therefore be away from the boundary to larger z. Then the norm is,

a2 = gzz(a
z)2 =

`2

z2

( z
`2

)2
=

1

`2
(23)

which is indeed constant and so independent of the position of the particle.

4. Consider a spacelike curve in Poincare AdS in a constant t slice. Let
us parameterize the curve using the z coordinate. For simplicity assume the
curve is monotonic in z - if this gives an infinite result it will obviously be true
for any curve even if it is not monotonic. Then, it has tangent vA = dxA/dz.
Since it is in a constant t slice, vt = dt/dz = 0. The length of a curve is,

s =

∫ ε

0

dz
√
vAvA (24)

where we assume the curve starts at z = 0 and ends at z = ε. Now we have,

vAvA = gµνv
µvν + gzz(v

z)2 = gijv
ivj + gzz(v

z)2 (25)

But vz = dz/dz = 1 so,

vAvA =
`2

z2

(
1 + δij

dxi

dz

dxj

dz

)
≥ `2

z2
(26)
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since δij
dxi

dz
dxj

dz
=
∣∣∣dxidz ∣∣∣2 > 0.

Hence the distance is,

s =

∫ ε

0

dz
√
vAvA >

∫ ε

0

dz

√
`2

z2
= `2

∫ ε

0

dz

z
(27)

This diverges at the low limit of the integral (ie. the boundary) giving an
infinite result.

5. The geodesic curves in,

g =
`2

z2
(
ηµνdx

µdxν + dz2
)

(28)

and just the same as for (d+ 1)-Minkowski,

g′ = ηµνdx
µdxν + dz2 = ηABdx

AdxB (29)

since, g′ = z2

`2
g. The latter are simply curves,

xA = aAλ+ bA (30)

for constants aA and bA with ηABa
AaB = 0 so that the tangent vA =

dxA/dλ = aA is null. Then λ is an affine parameter for the geodesic. Note
that if az 6= 0 we can always choose the affine parameter to be λ = z, in
which case az = 1 and bz = 0.

Thus these are also the null geodesics in Poincare-AdS. We see immedi-
ately that such curves reach the boundary z = 0 at finite coordinate t given
explicitly by t = at

(
− bz

az

)
+ bt.

Showing the affine parameter is finite is less obvious. Certainly the affine
parameter in g′ is just λ = −bz/az when the curve hits z = 0. However
the affine parameter in g′ is not the same as for g. Let us call the affine
parameter in AdS α, and the tangent uA = dxA/dα then for a null geodesic
we will have,

duA

dα
+ ΓABCu

BuC = 0 (31)

But,

uA =
dxA

dα
=
dxA

dλ

dλ

dα
= aA

dλ

dα
(32)
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and so,

duA

dα
=

d

dα

(
aA
dλ

dα

)
= aA

d2λ

dα2
(33)

Then,

0 =
duA

dα
+ ΓABCu

BuC

= aA
d2λ

dα2
+ ΓABCa

BaC
(
dλ

dα

)2

(34)

Hence we can fix α = α(λ) from any component - choose the t component.
Then,

0 = at
d2λ

dα2
+ 2Γt zµa

zaµ
(
dλ

dα

)2

= at
d2λ

dα2
− 2

z
azat

(
dλ

dα

)2

(35)

so that,

d2λ

dα2
=

2

z
az
(
dλ

dα

)2

(36)

Let us take the choice that λ = z discussed above, so az = 1. Then,

d2z

dα2
=

2

z

(
dz

dα

)2

(37)

so,

1

z2
d2z

dα2
− 2

z3

(
dz

dα

)2

= 0 (38)

and,

d

dα

(
1

z2
dz

dα

)
= 0 (39)
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so that,

dz

dα
= cz2 (40)

for some constant c, and then,

z =
1

b− cα
(41)

for a constant b. Hence as z → 0 we must have α→∞. So indeed the affine
parameter of the null geodesic diverges at the boundary.

6. We take φ = eikµx
µ
f(z). Then,

∇2φ = gAB
(
∂A∂Bφ− ΓCAB∂Cφ

)
= gµν∂µ∂νφ+ gzz∂z∂zφ− gABΓµ AB∂µφ− g

ABΓz AB∂zφ

= −
(
z2

`2

)
ηµνkµkνφ+

(
z2

`2

)
∂z∂zφ− gABΓz AB∂zφ

=

(
z2

`2

)(
−k2φ+ ∂z∂zφ

)
− gzzΓz zz∂zφ− gµνΓz µν∂zφ

=

(
z2

`2

)(
−k2φ+ ∂z∂zφ

)
−
(
z2

`2

)(
−1

z

)
∂zφ−

(
z2

`2

)
ηµν
(

+
1

z
ηµν

)
∂zφ

=

(
z2

`2

)(
−k2φ+ ∂z∂zφ+

1

z
∂zφ− ηµνηµν

1

z
∂zφ

)
=

(
z2

`2

)(
−k2φ+ ∂2zφ−

d− 1

z
∂zφ

)
(42)

Then,

0 = ∇2φ−m2φ =

(
z2

`2

)(
−k2φ+ ∂2zφ−

d− 1

z
∂zφ

)
−m2φ (43)

so,

0 = −k2φ+ ∂2zφ−
d− 1

z
∂zφ−

`2m2

z2
φ (44)

as required, given φ = eikµx
µ
f(z).
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