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A few remarks about Chris.
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(2,2) o-model description of bihermitian geometry

Three types of (2,2) superfields:
e chiral superfields ¢, ¢ satisfying

D—I-(Z):Oa D—¢:O>
D+Q_5:Oa D—QE:Ov

@ twisted chiral superfields y, X satisfying

Dix=0, D_x=0,
Dyx=0, D x=0,

o left and right semichiral superfields ¢, ¢, r,  satisfying

D.J:O, D_r:O,
D./=0, D_F=0.
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Action in (2,2) superspace

/:/d%d“eK:/dzaDzDzK(é,Zr,F,¢,<5,x,>Z)

The generalized Kahler potential K is defined modulo generalized Kahler
transformations

K K+ f(lo,x)+ F(2, 0, %) +g(r, 0, %) + &(F, 6, x),
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Bihermitian structure

K fully encodes the local geometry of the target manifold, which consists
of the structures (G, H, Jy, J_)

@ Ji two integrable complex structures, g bihermitian:
J2=-1, N(UJ:)=0
G(JeX,JLY) = G(X,Y),
e H=dlw, =—-dw_,dH =0, & v(i).j:t = 0 where d§ are d¢

operators with respect to Ji, and w4 = GJi are hermitian 2-forms.

Bihermitian structure (discovered with Chris), is equivalent to generalized
Kahler geometry.
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Adapted coordinates

Three Poisson structures:
me=(Jy £J)G Y, o=[Jy,J ]G L.

Superfields ¢, x, £, r may be interpreted as coordinates adapted to these
Poisson structures.

Note: £, r coordinates involve a choice of polarization; K generates
canonical transformations from holomorphic coordinates for J. to
holomorphic coordinates for J_:

K K
0 Jo qbv)_ﬁer::i
or

: 0,0 =
J+ ¢7X, ) ol )
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N
WZW-models

Maps from (super)-surface ¥ to Lie group G.
(1,1) superspace action:

k
kl[g] = —W/ d’c d?0 tr(g7 'V, gg 1V _g)
p

k
—= / d*5 d°0 tr(8 1 0:8{8 'V 1.8 'V_&})
B

™

k is an integer, ¥ = 0B, g is an extension of g from ¥ to B.
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(2,2) WZW-models

A. Sevrin: all even dimensional reductive Lie groups super WZW-models
have 2,2 supersymmetry.

On the Lie algebra, J1 are given by a choice of Cartan subalgebra and
positive direction and both are +/ on the positive and —/ on the negative
roots.

Since any two Cartan decompositions of a Lie algebra are related by group
conjugation, the only freedom lies in the choice of the action on the
Cartan subalgebra.
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Type

Choice of J; and J_ on the Lie algebra fixes the superfield content or type.
N =dimcker(Jy — J_), Ny =dimcker(Jy + J-)

computed from ker(Jy £ J_) ~ ker(J4 £+ eLeEI.,]LeReLfl), where eLe,gl is
a group element. This gives (dimg¢ G — N. — N;)/2 semichiral superfields.
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Rank 2 groups

Jy=J- Jy #J-
Group N | Ns | No| Ne | Ng | No | N
Su2yxu() 2110001/ 1
SU2)xsu@)|3|1|1(0|1]0]1
SU(3) 412,010 1|11
SO(5) 51210 1]2]1
G 71310 2]2]|1
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A remark on T-duality

Of the G; x Gr Kac-Moody symmetries of the WZW model, only the
Cartan torus subgroup H; x Hg preserves both complex structures.

T-duality along a Kac-Moody isometry does not change the metric and
torsion of a sigma model, but does change the type of the generalized
geometry.

Thus, T-duality along a left (or right) isometry relates the different
generalized Kahler structures on a given Lie group, and can be used to
find the different generalized Kahler potentials.
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Though we have known how to write WZW-models in (1,1) superspace for
a long time, and understood bihermitian geometry in (2,2) superspace for
a long time, combining them has proved challenging.

The only cases understood before this work were the WZW-models on

SU(2) x U(1) and SU(2) x SU(2).

The general case is still difficult, though the approach should be useful for
many cases.
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SU(3) WZW-model

In the basis h, h, e3, &, e1, &, €, &, with

N[=
+
&\
S

€ = , €1 = , € = 1],

J1 :dlag(lv_la I, —1, ia_i7i7_i)
qH2_d|ag( 11, a_i7i7_i7ia_i)'
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Choices of complex structures

If we choose J1 equal to each other at the origin, we find type (0,0) at
generic points.

If we choose one to be J; and the other Jp, we find type (1,1).
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Given Ji at the origin, we find them anywhere by a left or right group
action.

Since we know what the holomorphic/anti-holomorphic coordinates are at

the origin, we also find them anywhere.
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Type (0,0) coordinates for SU(3)

The J+ holomorphic coordinates take the simplest form when presented in

an overcomplete basis,

¢ =logg5gis,  z\ = log &i1g5s,
823 3 811
Z = |O zZ, — IO =
* ® g5 g33 * € 821
? =logghgd, ¥ =logghigs,
zgzlog@, z zlogg,
813 832

Talk by Martin Rogek for Chris Hull's 60'th WZW-models in (2,2) Superspace

813
zt =log =
* g23
4 &1
zZ, = |Og e
* 831
z! =log @,
812
z* =log @,
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Coordinate relations

where w = e/™/3. These coordinates satisfy the relations

ezli—f—zi + e_zi_zft + 1= O

20— 2 =w(Zt + 22) —o(2 + 2%)
22— 28 = (2 4+ 22) Fw(2® + )
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Choosing the semichiral coordinates

For the type (0,0) generalized Kahler structure, SU(3) is parametrized by
two sets of semichiral coordinates. Then the Poisson structures are
invertible at generic points.

One choice of Darboux semichiral coordinates o
o(dtl, di¥) = 5% | o(dl, dt*) = o(d¥, di*) = 0
o(dr,di*) = &% | o(dr,dr¥) = o(d¥,d*) =0

is given by
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Explicit coordinates

1
M= (2 + 22f —wz} +wz})

3

= (@ —-w)(zh + 25 +23 +24)
2 _ 72 _ 9
¢ jf , =2z

Fl=(@-w)(t+22+22+27)

1 -
= g(zf +22° + 022 — wzi)
P = z>__< =z

Many other choices are possible.
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Integrability

To find the potential, we need to express the &, # in terms of & & r .
The integrability condition
d(0y+0,) =0, 0;:=Fdti + TdF —Fidd —FdF  (no sum)

guarantees the existence of a local potential K(Ej,@', i, Fj) generating the
symplectomorphism

K _ IK _ 5
o0 = & o =¥
oK . oK =
PP - A
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The potential

K is given formally by

(€j7zj7rj7Fj)
K= / 01 + 92)
@]

where O is some base point. The integrability condition guarantees that
the above expression is independent of integration path.
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Final remarks

Once we find, e.g., action of the left Cartan torus on these coordinates (or
any others related by different choice of polarization), we can use
T-duality to find the K for type (1,1).

Open problems include:

o Extending this to the most general case.

e In the SU(2) x U(1) and SU(2) x SU(2) cases, dilogarithms arise;
can we do the integrals for SU(3) and higher cases?

e Understanding the case with (4,4) supersymmetry.
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Happy Birthday, Chris!
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